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Beyond pairwise correlation

Abstract

Measuring and modelling dependence between risks is crucial in many actuarial applica-
tions, such as when assessing diversification benefits or setting capital requirements. Current
industry practice relies heavily on Pearsonis correlation coefficient, despite well-known limita-
tions. In particular, it captures only linear association, is restricted to pairwise relationships, and
does not naturally extend to multivariate settings involving multiple random variables or random
vectors (such as when one-hot encoding categorical variables). Sole reliance on Pearsonis lin-
ear correlation may fail to detect important nonlinear, higher-order, and mutual dependence
structures.

In this paper, we discuss and illustrate several distance-based dependence statistics which
do not suffer from the same limitations as correlation, and discuss how they can be used in
actuarial applications. In the bivariate setting, we consider the Hellinger correlation (Geenens
& Lafaye de Micheaux, 2022) as a tool for measuring dependence between two continuous uni-
variate random variables, and distance covariance (Sz®kely et al., 2007) as a tool for detecting
and testing dependence, especially when random vectors are involved. We then discuss exten-
sions to higher-dimensional settings, including joint distance covariance for assessing mutual
dependence across multiple random variables (or vectors), and the auto-distance correlation
function for time series applications such as forecasting mortality rates over time.

Throughout the paper, we illustrate the use of these tools in actuarial contexts and we direct
the reader to available software implementations. Overall, the paper aims to provide actuaries
with a practical introduction to distance-based dependence statistics and to show how they can
complement classical correlation-based tools in actuarial workflows.

Keywords: Dependence modelling; Mutual dependence; Hellinger correlation; Distance co-
variance; Random vectors

1. Introduction

1.1. Background and context

The work of actuaries often involves modelling dependence and/or formulating dependence
assumptions, and both these tasks have long been recognised as challenging yet essential in
actuarial practice. In fact, one of the first definitions of findependence? is due to a German math-
ematician who specialised in probability theory and actuarial mathematics (Bohlmann, 1901).
Independence (or lack thereof) is a central consideration across many aspects of the insur-
ance industry. For instance, when determining capital adequacy, insurers must consider the
dependence between different risk categories (e.g., asset risk and insurance risk), primarily
to account for diversification benefits (see, for instance, Australian Prudential Regulation Au-
thority, 2023a). Dependence is also relevant for interactions such as risk accumulation, where
multiple exposures are affected by a common event (Australian Prudential Regulation Authority,
2023c; CRO Forum, 2015). In reserving, widely used reserving models impose independence
assumptions on different variables. For example, Mackis distribution-free chain ladder (Mack,
1993) assumes that each accident yearis claims development is independent of every other
accident yearis claims development. In addition, in pricing insurance products, severities are
often assumed to be mutually independent, typically independent and identically distributed
(i.i.d.), meaning that severities are independent across claims and follow the same distribution.
Moreover, severity and frequency are often assumed to be independent (as in the classic collec-
tive risk model). Dependence modelling is becoming increasingly important with the emergence
of newer products such as cyber insurance, where incidents are likely to be associated (Aw-
iszus et al., 2023; Sun et al., 2021). Overall, modelling dependence and validating dependence
assumptions (including mutual independence) remain crucial tasks in actuarial practice.
Pearsonis correlation coefficient is one of many numerical summaries of a particular linear
form of association (Bradley, 1985), and has been widely used by actuaries as the default mea-
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sure of dependence. Itis often treated as a standard tool when assessing dependence between
risks or lines of business (Avanzi et al., 2016; Denuit et al., 2006; P. O. J. Kelliher et al., 2020;
P. Kelliher, 2022; R. A. Shaw et al., 2011). More generally, in economic capital and enterprise
risk management (ERM) practice, dependence is often captured through variancercovariance
aggregation, where a correlation matrix is a key input used to aggregate stand-alone risk mea-
sures and determines the diversification level and capital allocation (e.g., Bernard & Vanduffel,
2015). For instance, APRA(s asset risk charge represents the minimum capital required to be
held by an insurer against asset risks (Australian Prudential Regulation Authority, 2023b), and
the aggregation formula is computed using correlations between asset risks. This is also the
case under Solvency Il, the prudential regulatory framework for EU (re)insurers. lIts fistandard
formulad for computing the Solvency Capital Requirement (SCR) uses prescribed correlations
(European Parliament and the Council of the European Union, 2009), although internal models
may also be used to compute the SCR. In addition, under IFRS 17, when adjusting for uncer-
tainty in insurance cash flows, correlation matrices are commonly used to reflect diversification
across different risks (Jiang, 2020). Finally, in a typical modelling pipeline for pricing (e.g.,
GLMs), correlation is widely used to diagnose multicollinearity and redundancy among predic-
tors. Interpretability tools such as partial dependence plots and SHAP-based feature attributions
can also become unreliable when predictors are dependent (Molnar, 2020; Ng et al., 2025). In
actuarial workflows, simple dependence diagnostics such as correlation matrices are therefore
often used as an initial screen in model review (National Association of Insurance Commission-
ers, 2025). These examples illustrate that correlation remains the default operational summary
of dependence across the industry.

Despite the widespread use of Pearsonis correlation coefficient, its use presents several
well-known (and some less well-known) issues, some of which are discussed in the landmark
paper by Embrechts, McNeil, and Straumann (2002). In this paper, we revisit some of these
pitfalls, but more importantly, we extend the discussion to additional, important issues for which
solutions now exist, which we aim to introduce to the broader actuarial community. In partic-
ular, we focus on three main limitations of correlation: zero correlation does not characterise
independence, correlation is inherently pairwise and cannot detect higher-order dependence,
and correlation does not naturally extend to random vectors or mixed-type data. These issues
are discussed further, together with actuarial examples, in Section 2.

1.2. Dependence as a fidistanceo from independence

The limitations of Pearsonis correlation coefficient motivate the use of alternative dependence
measures that can detect broader forms of dependence, including non-linear, non-monotonic,
and higher-order (beyond pairwise) dependence, as well as dependence involving random vec-
tors. In this paper, we review distance-based dependence statistics as complementary tools for
addressing the limitations of correlation. Mutual independence of d random variables or random
vectors Xz;:::; Xq (and, in particular, pairwise independence when d = 2) means that the joint
use the term distance-based dependence statistic to refer to quantities that assess departure
from independence by quantifying the dissimilarity between the joint distribution and the product
of the marginal distributions. In practice, this comparison is often carried out through suitable
representations of these distributions, such as characteristic functions or copula densities, and
dependence is then assessed through the discrepancy between these representations. Note
that the resulting quantity is not necessarily a distance in the metric sense; see also Appendix A.

1.3. Purpose of the dependence analysis

Viewing dependence as departure from independence provides a common conceptual frame-
work for the statistics considered in this paper. However, different actuarial tasks require differ-
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ent types of dependence tools. It is therefore helpful to clarify the purpose of the dependence
analysis before introducing specific statistics in detail.

Dependence tools in actuarial applications are mainly used for two distinct tasks: (i) mea-
suring the strength of dependence (e.g., for aggregation of risks and/or diversification analyses,
or for comparison purposes), and (ii) testing whether independence (or i.i.d.-type) assumptions
are reasonable (e.g., when validating modelling assumptions). These two tasks place different
requirements on the statistic which is used. As discussed in Geenens and Lafaye de Micheaux
(2022), a dependence measure (task (i)) should provide an interpretable quantification of depen-
dence strength, so that weak (but nonzero) dependence vyields a correspondingly small value.
In contrast, an independence test (task (ii)) aims at a binary decision, and a powerful test may
use a statistic that departs from its null distribution as soon as any dependence is present,
even if the underlying dependence is very weak. Consequently, interpreting a test statistic as a
measure of dependence strength can be misleading. Conversely, an interpretable dependence
measure may not be optimised for independence testing, so its finite-sample power may differ
from that of statistics constructed primarily for testing. Which procedure is more powerful in
practice depends on the underlying dependence structure of the data.

1.4. Contributions

This paper is tailored to an actuarial audience and makes several contributions. Through sev-
eral actuarial examples, we show that correlation has important shortcomings: it may fail to
detect nonlinear, non-monotonic, vector-level, and higher-order dependence, with material im-
plications for actuarial quantities such as aggregate tail risk and for the assessment of modelling
assumptions.

The paper introduces the concept of distance-based dependence statistics as complemen-
tary tools for actuarial dependence analysis. Dependence analysis in actuarial work typically
involves two distinct tasks: measuring the strength of dependence and testing whether indepen-
dence assumptions are reasonable. These two tasks require different types of statistics. We
discuss several distance-based dependence statistics for these different use cases. In the bi-
variate setting, we discuss the Hellinger correlation as a useful tool for measuring dependence
strength between two continuous univariate random variables, and distance covariance as a
useful tool for detecting and testing dependence, especially when random vectors are involved.
We then extend the discussion to joint distance covariance for assessing mutual dependence
across multiple random variables or vectors, and to the (multivariate) auto-distance correlation
function for time series model specification and diagnostics.

Concepts discussed in this paper are extensively illustrated. We discuss the main limitations
of each statistic, and point to available 0 and 000000 implementations so that readers can readily
incorporate these tools into actuarial workflows.

Table 1.1 summarises the main tasks and key properties of the dependence statistics dis-
cussed in this paper. In particular, it highlights the main differences between correlation-based
and distance-based measures in terms of the types of dependence they can capture®, whether
they characterise independence (that is, whether independence can be inferred from their
value), and whether they can be applied to random vectors or to higher-order dependence.

1.5. Paper structure

Section 2 discusses and illustrates the shortcomings of Pearsonis correlation coefficient, with
actuarial examples. Section 3 discusses distance-based dependence statistics for measuring

Note that the distance statistics introduced here are not fidirectional. This makes sense, since a distance cannot
be negative, and it also makes sense when considering that the notion of direction is not well defined for associations
that are more complex than linear or monotonic.
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(Multivari-
. . . Joint ate)
Statistic Pearsonis r Spearmants Kendallis HeIIlng_er Dlsta_nce distance Auto-
correlation  covariance ] .
covariance distance
correlation
Main task Measure Measure Measure Measure Test for Test for Serial
aintas linear monotonic monotonic  dependence pairwise mutual dependence
association ~ association  association strength dependence dependence diagnostics
Non-linear? X v v v v v v
Non-monotonic? X X X v v v v
0 O
independence? X X X v v v v
Directional? v v v X X X X
Margin-free? X v v v X X X
Random vectors? X X X X v 4 v
Mutual dependence
P X x X X X v X

d>2)?

Table 1.1: This table summarises the main tasks and key properties of the distance-based
dependence statistics reviewed in this paper. The properties include the types of dependence
they can capture. Here, fiDirectionald means that the sign indicates a positive or negative rela-
tionship, and fiMargin-freed means that the statistic remains unchanged under strictly monotone
transformations of the marginals, i.e., it depends only on the underlying dependence structure.
The symbols v and X indicate whether a given property is satisfied.

and testing dependence between two random variables or random vectors, focusing on the
Hellinger correlation and distance covariance, respectively. Section 4 then considers the ex-
tension of distance covariance to the multivariate setting, which is useful for assessing mutual
dependence among more than two random vectors. Section 5 introduces another extension of
distance covariance, namely the auto-distance covariance, which is useful for time series appli-
cations involving both univariate and multivariate time series. Throughout, we explain how actu-
aries can incorporate these statistics into their workflows, and we discuss their main properties
and limitations. We also illustrate the use of available 0 and 000000 packages for implementing
them. Section 6 concludes.

2. Whatis wrong with pairwise correlation? Review and illustrations

As outlined in Section 1.1, we focus on three main limitations of Pearsonis correlation coeffi-
cient in this paper. In this section, we illustrate each of these shortcomings through actuarial
examples, highlighting the need for better dependence statistics.

2.1. Uncorrelatedness does not characterise independence

It is well known that zero Pearson correlation between two random variables does not, in gen-
eral, imply independence. One important exception is the bivariate normal case, for which zero
correlation is equivalent to independence (Embrechts et al., 2002). This is because the joint
normal distribution is fully determined by its mean vector and covariance matrix (Muirhead,
1982). While other correlation coefficients such as Kendallis and Spearmanis are popular
rank-based? alternatives (Androschuck et al., 2017; Peng & Wang, 2014; Venter, 2002), they

2Here, the franki refers to an observationis corresponding empirical cdf value. It is a number between 0 and 1
that indicates how the observation firanksé compared to the others. When considering the association between two
variables, it is always advisable to plot their ranks rather than their actual observation values (for a pair (Xi; Vi),
fiF (xi)0 against iG(yi)0 rather than x; against yi, where F and G maps xis and yis to their ranks (ecdf), because
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PDLQO\ VXPPRQRWRBOPWLRQVKLSY YDQ GHQ +HXYHO =KDOQ

VKLSV LQ ZKLFK RQH YDULDEOH WHQGV WR PRYH FRQVLVWHQWO\ LQ
,Q SDUWLFXODU HYHQ ZKHQ WKHVH FRHIILFLHQWYV DUHVWDWLVWLF
XQGHUO\LQJUHODWLRQVKLSLWVHOILVOLQHDURUPRQRWRQLF OR
VXFKDV 8 VKDSHG SDWWHUQV PD\QRWEH ZHOO VXPPDULVHG E\ WK
FRHIILFLHQWY FDQ SURYLGH HYLGHQFH RIDVVRFLDWLRQ EXW WKH
GHVFULSWLRQ RIQRQ PRQRWRQLF GHSHQGHQFH DQG D YDOXH RI ]|

JLIXUH 7KLV ILJXUH GLVSOD\V WKH ELUWK UDWH DJDLQVW WKH GHD
7KH OHIW SDQHO VKRZV WKH UDZ YDOXHV ZKLOH WKH ULJKW SDQHC
&') YDOXHV UDQNV 7KH EOXH OLQH UHSUHVHQWY WKH ILWWHG Ol
GHDWK UDWH 7KH VEDWWHUSORWY VKRZ D FOHDU & VKDSHG UHOTL
WKH GHDWK UDWH ZKHUHDV WKH ILWWHG UHJUHVVLRQ OLQH VKRZ
LV FRQVLVWHQW ZLWK WKH FRUUHODWLRQ FRHIILFLHQWY EHLQJ V.
PDQ .HQGDOO +RZHYHU WKHVH QHJDWLYH YDOXHV DUL
WHQGHQF\LQ WKH SRLQWYV UDWKHU WKDQ IURP D JHQXLQHO\ QHJD"
EHWZHHQ WKH ELUWK UDWH DQG WKH GHDWK UDWH

"HLOOXVWUDWH WKLV SLWIDOO XVLQJWKHELUWKDQG GHDWK UD
WULPHVWHU RI &HQWUDO ,QWHOOLJHQFH $JHQF\ 7TKHELUYV
DV WKHQXPEHUV RI ELUWKVY DQG GHDWKYV SHU LOQGLYLGXDOV Ul
7KH OHIW SDQHO RI1 )LJXUH SORWV WKHUDZ ELUWK UDWH DJDLQYV
SORWV WKH FRUUHVSRQGLQJHPSLULFDO &') YDOXHV UDQNV ZLW}
7KH EOXH OLQH LV WKH ILWWHG OLQHDU UHJUHVVLRQ OLQH RI ELU
GLvSsOD\VD FOHDU & VKDSHG UHODWLRQVKLS EHWZHHQ WKH ELUWK
DVVRFLDWLRQ FRHIILFLHQWYVY DQG SHUIRUP K\SRWKHVLV WHVWYV IR

Ho: =0;
Hi: 60;

ZKHUHV WKH FRUUHVSRQGLQJDVVRFLDWLRQFRHIILFLHQW ‘'HWDLO"
LQ $SSHQGL[' RQ SDJH +HUH WKH 3HDUVRQ FRUUHODWLRQ FRHI
013 ZKLFK LV FRQVLVWHQW ZLWK WKH ILWWHG UHJUHVVLRQ OLQH
VWURQJOLQHDU UHODWLRQVKL®D QG FROC\IDE/ MWL FSHDBEPQQYIZLWK
RI = 033DQG= 024 UHVSHFWLYHO\ 7KLV FDQ EH XQGHUVWRRG IUR
ULJKW SDQHO VLQFH®SHOUPRQYMODWLRQ RI WKH UDQNV DQ LQG

WKLV WDNHV WKH HIITHFW RI WKHLU PDUJLQDO GLVWULEXWLRQV DZD\ ,QIDFW LQTI
VFDWWHUSORW LY HI[DFWO\ ZKDW D FRSXOD GHQVLW\DLPV WR UHSUHVHQW
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WKH EOXH OLQH WKURXJK WKH UDQNV $OWKRXJK WKH UHODWLRQ
SORW VWLOO H[KLELWY DQ RYHUDOO GRZQZDUG WHQGHQF\ ZKLFK
6SHDUPDDQYE .HQGDDPRQPH KDQG 3HDUVRQ FRUUHODWLRQ IDLOV W/
UHODWLRQVKLS EHWZHHQ WKH ELUWK DQG GHDWK UDWHV 2Q WKF
DQG .HQGDOBMWDWLVWLFDOO\VLIJQLILFDQW WKH\VXPPDULVH WK
PRQRWRQLF WUHQG HYHQ WKRXJK WKH GHSHQGHQFH LQ )LJXUH
VKDSHG

7KLVJUDSKLFDOH[DPSOHVKRZVWKDWDVPDOORULQVLJQLILFDQ
LQJIXO GHSHQGHQFH ,QDGGLWLRQ HYHQZKHQDFRUUHODWLRQ FF
GRHV QRW QHFHVVDULO\ PHDQ WKDW WKH UHODWLRQVKLS EHWZHH
PRQRWRQLF 5DWKHU FRUUHODWLRQ FDQ PLVV LPSRUWDQW IHDW
LOOXVWUDWHG DERYH OLVLQWHUSUHWLQJDQ LQVLJQLILFDQW FR
VHULRXV FRQVHTXHQFHV IRUH[DPSOHE\OHDGLQJWR D PDWHULDO
QHVV RSHUDWLRQV DV ZH LOOXVWUDWH LQ $SSHQGL[ % RQ SDJH
SUREOHPDWLF ZKHQ GHSHQGHQFH LV RQO\ YLVLEOH WKURXJK WKH
UDWKHU WKDQ WKURXJK DQ\ VLQJOH SDLU VLQFH SDLUZLVH FRUUF
GHQFH DOWRJHWKHU DV ZH GLVFXVV QH[W

JLIXUH 'LVWULEXWLRQV RI WKH PRWRY(KQR4R:FRRSROKKH WWGLFDO
FODWLP

&RUUHODWLRQLVLQKHUHQWO\SDLUZLVHDQG FDQQRW GHWHFYV

&RUUHODWLRQFRHIILFLHQWYV PHDVXUHOLQHDURUPRQRWRQLF UHC
DEOHVY DQGDUHWKHUHIRUHLQKHUHQWO\SDLUZLVHVXPPDULHYV RI
DWLFZKHQWKHUHOHYDQWGHSHQGHQFHLVYLVLEOHRQO\WKURXJ}
UDWKHU WKDQ WKURXJKDQ\VLQJOH SDLU WKLV LVIXUWKHUH[SODL
VXFK FDYBIMUFRWUHODWLRQPD\VXJIJHVWOLWWOHRUQRGHSHQGHC
DUH RWCQ@EPWOOWL ZLVH" LQGHSHQGHQW :HLOOXVWUDWH WKLV LV
LQVXUDQFH SROLF\ 1RWH WKDW WKLV HI[DPSOH LV FRQVWUXFWHG
FRUUHODWLRQ FRQVHTXHQWO\ WKHGHSHQGHQFH VWUXFWXUH LV
IXOO\UHIOHFW GD\ WR GD\LQVXUDQFH RSHUDWLRQV
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7KH SROLF\LQYROYHV WZR OLQHV RI EXVLQHVVY PRWRU FODLPV
X =(X1;X2;X3) = YHKLFOH UHSDLU FRVW ERGLO\LQMXU\OLDELOLW

DQG PHGLFDO FOD LPHQ R WHYHNVKH PHGLFDO FODLP FRVW UHFRUGHC
EXVLQHVV )LJIXUH GLVSOD\VWKH VLPXODWHG FODLP GLVWULE X\

JLIXUH (PSLULFDO &') VFDWWHUSORWY EHWZHHQ HDFK PRWRU FODL
FODLPYRWKMH SORWXRI(X1;Y) DQ®Y) VKRZ QR REYLRXV SDWWHUQ FF
ZLWK SDLUZLVH LQGHSHQGHQFH DQG WKH QHDU JHUR 3HDUVRQ FRU
FRQWUDVW (4KH BKREIRWYV D FURVYV VKDSHG SDWWHUQ HYHQ WKRX.
LV DOVR FORVH WR JHUR 7KLV LOOXVWUDWHV WKH ILUVW OLPLWDW

X1 X X3 Y

7DEOH 3HDUVRQ FRUUHODWLRQ FRHIILFLHQWY EHWZHHQ WKH VLPX(
UHODWLRQX; DHOMGARIHQ:23 DUH FORVH WR JHUR LQGLFDWLQJ OLWWC
GHQFHEHWZHHQLQGLYLGXDO FODLP FRPSRQHQWY DFURVV WKH WZ
ZLWKLQ WKH PRWRU OLQH DUH DOVR FORVH WR JHUR (X300 FRUUHO
DUH VWDWLVWLFDOO\ LQVLJQLILFD QWY )SIOWMAKR B WK WWK HFFROUOU /@ D @/
PDJQLWXGH UHPDLQV VPDOO LOOXVWUDWLQJWKDW 3HDUVRQ FRU
VXPPDU\HYHQ ZKHQ D QRQ WULYLDO VLJQLILFDQW GHSHQGHQFH V

ORVW LPSRUWDQWO\ WKH VLPXODW H& DB DY HFRWW UXFWHG
DUH SDLUZLVHLQGHSHQGHQW WKHRUHWLFDOO\ 7KLV LVHYLGHQF
YLIXUH ,Q SDUWLFXODU WKHUH LV QRRXY)LEKXY)IDYBNHUQ LQ WK F
ZKLFK LV FRQVLVWHQW ZLWK WKH QHDU JHUR DQG VWDWLVWLFDOO
FLHQWVY UHSRUWHG LQ 7DEOH 7KXV LIRQHLQVSHFWVY WKH GDWE
WKHUH DSSHDUV WR EH OLWWOH HYLGHQFH Rl GHSHQGHQFH LQGH
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)XUWKHUPRUH QRW HXW KD MIEHL WORWRRVY VKDSHG SDWWHUQ \H
UHODWLRQ UHPDLQV FORVH WR JHUR 7KLV FDQ EH LQWXLWLYHO\ X¢
OLQH ZRXOG EH IODW

+RZHYHU SDLUZLVH LQB#PSHQGND FBIQE,Y) GRHV QRW LPSO\ WKI
(X1;X2Y) DUH MRLQWO\LQGHSHQGHQW 7R PDNHWKLV KLGGHQ GHSHGQ
SORWVY WKH HPSLULFDO &') YDO XH \X4 LD B BD/NVB & FROQVWADHINSO RW  Z L W
SRLQW FRORXUHG E\ WKH HPXIHULGBD RI)IRHSUHVHQWLQJEWKH WKL
FRORXU LV WDNHQ IURP %RJOLRQL %HDXOLHX 'KHQ WKH FROR
XQLW VTXDUH ZLWKRXW DQ\ REYLRXV SDWWHUQ WKLV LV WKH ERW\
LV FRQVLVWHQW ZLWK WX;HDLQX% H SRIDHBYHHIF FRRIFH WKH FRORXU VFD(
LQWR DFFRXQW D SURQRXQFHG VWUXFWXUH EHFRPHV YLVLEOH S
GLDJRQDO EDQGV )LIJXUH ELOOXVWUDWHY WKLV PRUH FOHDUO\
VXUIDFH UDWKHU WKDQ EHLQJ VFDWWHUHG UDQGRPO\LQ WKUHH Gl
XHV(X1{;X2) FRQVWUDLQ WKH KDWOXKMRAV WKDW VKIS MRGXHRRIWKH MRL
EHKDYLRXD@®G HYHQ WKRXJK QR VXFK GHSHQGHQFH LV YLVLEOH IUF
,Q RWKHU ZRUGV ORRNLQJDW RQH SDLUDW D WLPH FDQ PLVV GHSH
YDULDEOHV DUH FRQVLGHUHG WRJHWKHU 7KLV LOOXVWUDWHY WK1
GHSHQGHQFHDPRQJPRUHWKDQ WZR UDQGRP YDULDEOHYV FDQQRW
ZLVH FRUUHODWLRQV HYHQ DVVRFLDWLRQVLQ JHQHUDO DORQH
DUH SDLUZLVH LQGHSHQGHQW EXW PXWXDOO\GHSHQGHQW PD\ QRV
WKH FRQVHTXHQFHV RI LJQRULQJ WKLV DVVRFLDWLRQ FDQ VWLOO E
LQ DEFWXDULDO PRGHOOLQJ ZKHUH DVVXPSWXRADGH IS ROVEHQ KKV DV

D(PSLULFDO &') YYD,ODX®¥&% RALWK

HDFK SRLQW FRORXUHG E\WKHHPSLULFDO &') YDOXH

RY ,JQRULQJWKH FRORXUV WKH HPSLULFDO &)

SORW;;RDQE&, VKRZV QR REYLRXV SDW

WHUQ VXJIJHVWLQJLQGHSHQGHQFHEHWZHHQ WKHP

+RZHYHU RQFH WKH FRO/RQFREUBBH El ' VFDWWHUSORW IRU WKH PXOWL O
UDWHG D FOHDU GLDJRQDO VWUXFWpPOPS DHFRPHYWKMWMIHPSLUXKEDO &') YDC
EOH 7KLV VKRGEMSWKDWW RQ WKH MRXQ WE¥s $V VKRZQ LQ WKH SORW WKH S|
KDYLRXURYG VR WKDXY;Y) DUH RQ WZR SODQHV DQG NQRZXLQJ WKH Y
QRW MRLQWO\LQGHSHQGHQW HYHQ @G RXIVMWIKEWVMIRMS RVVKE®H YD O X
DSSDUHQW IURP DQ\VLQJOH SDLU DLOQRILH DWHIVHB KRGV MELEW O\ RQ

JLIXUH ' OHIW DQG ' ULJKW VFDWWHUSORWY IRUWKHPXOWL OL
WKHHPSLULFDO &) XPp @M/ R
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JRUH[DPSOH WKHFODVVLF FROOHFWLYH ULVNPRGHO IRU WKH D.

ZKHNH.V WKH QXPEHU RKFOWDWKHDQGLYLGXDO FODLP DPRXQW W\SL
FODLP VHYHULWLHV DUHL L G ZKLOH WKH &UDPpU+/XQGEHUJ PRC
LQGHSHQGHQFH DPRQJ FODLP VL]JHV WRJHWKHU ZLWK LQGHSHQGF
FODLP FRXQW ,WLVWKHUHIRUH LPSBDWDIIYNEMR & QDOMHISHIXE N Q EHH W
%RKOPDQQ 3DLUZLVH LQGHSHQGHQFH PHDQV WKDW HYHU\ ST
ZKHUHDV PXWXDO LQGHSHQGHQFH LV D VWURQJHU FRQGLWLRQ NQ
UDQGRP YDULDEOHY GRHV QRW DIIHFW WKH GLVWULEXWLRQ RI WKH
JROORZLQJ WKH GHILQLWLRQ L@ URQBRIRYRY,DOE O:MR UZ H
VD\ WPW Xy DUMXWXDOO\LQGHSHQGHQW

vd
P(X12 Aq1;:::;Xqd2 Ag) = P(Xi 2 A)):
i=1

+HUH HDPEKHSUHVHQWY DQ\ VXEVHW RI WKH SRVVLEOH RXWFRPHV R
Xi ,Q FRQWUDVW SDLUZLVH LQGHSHQ® NQFRUUHNTEGL\D G RRW DW R D W
V H W \A,

P(Xi 2 Ai;Xj 2 Aj) = P(Xi 2 Aj)P(Xj 2 Aj);

ZKLFK GRHVY QRW LQ JHQHUDO LPSO\ PXWXDO LQGHSHQGHQFH ,QR
LPSOLHV SDLUZLVHLQGHSHQGHQFH? LPSOLHV EXW WKH FRC
FDQ EH SDLUZLVHLQGHSHQGHQW ZLWKRXW EHLQJ PXWXDOO\LQGH:

JLIXUH 7KLV ILJXUH FRPSDUHYV WKH SUREDELOLW\ GHQVLW\ IXQFW
PXODWLYH GLVWULEXWLRQ IXQFWLRQV &)V ULJKW SNIOHO RI WK
DQG WKH OLPLWL®JLGH VWKHEXWMROQLEXWLRQ DSSURDFKHG E\ WKH
QXPEHURIUDQGRP YDULDEOHV WHQGV WR LQILQLW\ IRUDVHTXHQF
DOO\GHSHQGHQW UDQGRP YDULDEOHV D ¥ G640:B;Q:95G TIQH( TLXIDXW HR Q

LOOXVWUDWHY WKDW WKH OLPLWLQJ GLVWULEXWLRQ LV QRQ *DXV
WKH UDQGRP YDULDEOHV DUH QRW PXWXDOO\LQGHSHQGHQW

$ IXUWKHU SUDFWLFDO FRQVHTXHQFH LV WKDW WKH FHQWUDO OL
XSRQLQ DFWXDULDO DSSOLFDWLRQV FDQIDLO IRUVHTXHQFHV WKI
WXDOO\LQGHSHQGHQW $V LOOXVWUDWHG E\ $YDQ]JL HW DO C
SDLUZLVH LQGHSHQGHQFH DORQH GRHV QRW JXDUDQWHH DV\PSWR
TXHQEH::; Xy RI SDLUZLVH LQGHSHQGHQW EXW QRW PXWXDOO\ LQG

7KH GHILQLWLRQ DOVR DSSOLHV ZKHQ ZH KDYHUDQGRP YHFWRUV VHH 6HFWLR(




%H\RQG SDLUZLVH FRUUHODWLRQ

UDQGRP YDULDEOHYVY VXFK WKDW WKH OLPLWLQJ GLVWULEXWLRQ RI

_1 X
p1

n .
i=1

X

FRLQFLGHYVY ZLWK WKDW RI WKHUDQGRP YDULDEOH
P
S= 1 r2Z+r;

ZKHBH N@©;1) DQG ZKHUWWHD VWDQGDUGLVHG FKL VTXDUHG UDQGRP Y|
RE DQG<r?2<1 )LIJXUH FRPSDUHV WK GLWWUWENWWD@BDUG QF
GLVWUNBXWIMKRZLQIJ WKDW WKH &/7 FDQ IDLO ZKHQ WKH UDQGRP YL
LQGHSHQGHQW 7KHUHIRUH UHO\LQJVROHO\RQ SDLUZLVH GLDJQR
RUDSSUR[LPDWLRQV UHTXLUH PXWXDO LQGHSHQGHQFH HYHQ ZKF
JHQHUDOO\ GHSHQGHQFH WKDW LV LQYLVLEOHIURPHYHU\LQGLYL(
WKH YDULDEOHVY DUH FRQVLGHUHG MRLQWO\ ,Q VXFK VLWXDWLRQ"
VLQJOH YDULDEOH EXW D JURXS RI YDULDEOHY WDNHQ WRJHWKHU
QDWXUDOO\ WR WKH QH[W SUREOHP FRUUHODWLRQ GRHV QRW SUR
ZKHQ WKHREMHFWRILQWHUHVW LVD UDQGRP YHFWRU

&RUUHODWLRQ GRHV QRW QDWXUDOO\H[WHQG WR UDQGRP YHFYV

,QDFWXDULDODSSOLFDWLRQV WKHREMHFWRILQWHUHVW LV RIWH
YHFWRUV RI FODLP FRPSRQHQWYVY VXFKDVLQ WKHPXOWL OLQHH[DI
LF\KROGHU ULVN SURILOHV XVHG LQ SULFLQJPRGHOV WKDW FRPEL(

*ROGEXUG HW DO .DINRYi . LYIQNRYi KL 6KL DQC
WKHPVHOYHV FRQVLVW RI PXOWLSOH VXE ULVN PRGXOHV ZKHQ GHW
QDWLRQDO $VVRFLDWLRQ Rl ,QVXUDQFH 6XSHUYLVRUYV ,Q SDL

PL[HG W\SH ZLWK QXPHULFDO YDULDEOHV DSSHDULQJDORQJVLGHF
HJRULFDO YDULDEOHV DUH IUHTXHQWO\UHSUHVHQWHG WKURXJK R
UDWLQJ IDFWRU PD\EHFRPHD YHFWRU RI LQGLFDWRU YDULDEOHYV
GHQFH LV RIWHQ QRW EHWZHHQ WZR VFDODU UDQGRP YDULDEOHYV
DQRWKHU YDULDEOH RUEHWZHHQ WZR UDQGRP YHFWRUYV
+RZHYHU SDLUZLVH GHSHQGHQFH VWDWLVWLFV VXFK DV FRUUH
UHODWLRQVKLS EHWZHHQ RQO\ WZR VFDODU UDQGRP YDULDEOHYV
WLRQ WKHQWKHGHSHQGHQFH EHW Z B Q: WY R DOGQ RP Y HWR UV
LV UHGXFHG WR WKH FROOHFWLRQ RI SDLUZLVH UHODWLRQVKLSV

(Xi;Yj), i=Lnpy j=1000:

7KLV FDQEH LQDGHTXDWH EHFDXVH GHSHQGHQFH EHWZHHQ UDQG|
WZR PXOWLYDULDWH REMHFWVY DUH DVVRFLDWHG DV ZKROHV UDWK
VRFLDWHG ZLWK DQRWKHURQHLQLVRODWLRQ 7KHLVVXHLVHYHQ I
RIPL[HG W\SH VLQFH SDLUZLVH FRUUHODWLRQ LV PRVW LQWHUSUF
GRHVY QRW SURYLGH D XQLILHG VXPPDU\RIGHSHQGHQFH IRUPXOWL
LFDO FRPSRQHQWY 7KLV LVLOOXVWUDWHG  VFKHPDWLFDOO\LQ )LJ
YHFWRUV 3DLUZLVH FRUUHODWLRQV OHIW SDQHO RQO\GHVFULE}F
ODWLRQVKLSY UHSUHVHQWHG E\ WKH EODFN VROLG HGJHV %\ FRQ
DVNV ZKMWKMNIDUH GHSHQGHQW DV ZKROHV 7KLV LQFOXGHV GHSHQ
WRUV DV ZKROHV EODFN VROLG HGJH DV ZHOO DV KRZ WKH YHFW|
LQGLYLGXDO FRPSRQHQWY JUH\ VROLG HGJHV EH\RQG WKH SDLU
VRFLDWLRQV JUH\ GDVKHG HGJHV ORVW LPSRUDNOG WS OLBGIGHSH



%H\RQG SDLUZLVH FRUUHODWLRQ

LQGHSHQGHQFH EHWZHWYR MIXDRVSIDL U

X?2Y =) X;?Y,;, 8i=1;::5p, j=1;:150:
( 3DLUZLVH YLHZ ( 9HFWRU YLHZ |
_ X X
cw @ | | (B
v=(n) (%) - | ()

J

200\ WKH VEDODU|sDLv7KH GHSHQGHQFH RI LQWHUHVW LV EHW
(X;:Y;) DUH H[DPLQH WKH Y H¥ VDRWVDV ZKROH \
) J ZKLOH VWLOO UHODWLQJ WR WKHLU FRF

G)

JLIXUH 6 FKHPDWLFLOOXVWUDWLRQRISDLUZLVH YHUVXV YHFWRU G
GHQFHRQO\FDSWXUHV WKHVHSDUDWHDVVRFLMXWY; RRIMWEKHHWEZ AR Q H
UDQGRP YHFWRUV 5LJKW WKH GHSHQEBHQFHXRI LQWAHYHW)W LV EHW
DVPXOWLYDULDWHREMHFWY ,QDGGLWLRQ WR WKH SDLUZLVH FRP:
GDVKHG HGJHV YHFWRU GHSHQGHQFH DOVR DOORZV GHSHQGHQF
EODFN VROLGHGJH DQG EHWZHHQ D YHFWRUDQGDQLQGLYLGXDO
VROLG HGJHV

7KLV SRLQW LV DOVR UHIOHFWHG LQ WKH PXOWL OLQH H[DPSOH L
Y LVFRQVWUXFWHG WR GHSHQG RQ WKH MRL QW EME ERIGRON RO MK K
OLDELOUWWKHU WKDQ RQ HLWKHU FRPSRQHQW VHSDUDWHO\ ,QW
UHODWHG WR ERWK DFFLGHQW VHYHULW\ DQG ERGLO\ LQMXU\ VHY
GDPDJH EXW OLPLWHG ERGLO\LQMXU\ PD\ OHDG WR UHODWLYHO\ \
LQMXU\ ZLWK OLPLWHG DFFLGHQW VHYHULW\ PD\ DOVR QRW JHQHUI
LV ZKHQ WKHVH IHDWXUHV DUH FRQVLGHUHG WRJHWKHU WKDW WKH
PRUH DSSDUHQW +HQFH WKH UHOHYDQW REMHFW RI LQWHUHVW L
(X1;X2) DQYG UDWKHU WKDQ WKH VHSDUDWH SDLUZLVH DVVRFLDWLRQ)
VHYHULWLHY DUH OLNHO\ WR EH HQFRGHG ZLWK FDWHJRULFDO YDU

%LYDULDWH GLVWDQFH EDVHG GHSHQGHQFH VWDWLVWLFV

‘HILUVW ORRN DW WKH OLPLWDWLRQ GLVFXVVHG LQ 6HFWLRQ Q
WZR UDQGRP YDULDEOHY GRHVY QRW LQ JHQHUDO LPSO\LQGHSHQC
XVHRIGHSHQGHQFH PHDVXUHV WKDW UHPDLQ LQIRUPDWLYH EH\RQ
ZHIRFXVRQWKHELYDULDWH VHWWLQJ ZKLFK SURYLGHV WKH VLPS
LGHDV EHIRUH HIWHQGLQJ WKHP WR KLJKHU RUGHU GHSHQGHQFH
SOHPHQWDU\ VWDWLVWLFV WKH +HOOLQJHU FRUUHODWLRQ ZKLFI
VWUHQJWK EHWZHHQ WZR FRQWLQXRXV UDQGRP YDULDEOHYV WKUR X
DQG GLVWDQFH FRYDULDQFH ZKLFK LV SULPDULO\ XVHIXO IRU GF
GHQFHEHWZHHQUDQGRP YDULDEOHV RUUDQGRP YHFWRUV 7KHVH
REMHFWLYHVLQ GHSHQGHQFHDQDO\VLVY GLVFXVVHG LQ 6HFWLRQ
FLDWLRQ ZKHQ YDULDEOHV DUH GHSHQGHQW DQG LL WHVWLQJ ZK
WKH GLVWLQFWLRQ LV QRW VWULFW )RULQVWDQFH WKH +HOOLQJ
LOQGHSHQGHQFH ,W FDQQRW KRZHYHU EH XVHG RQ YHFWRUV RU F



%H\RQG SDLUZLVH FRUUHODWLRQ

LQ WKLY FDVH GLVWDQFH FRYDULDQFHFDQ EH XVHG IRUWKH IL
VRPHFDYHDWV DV GLVFXVVHG EHORZ

JLIXUH 7KLV ILIXUH SORWVWKHVXUIDFHVRIV\PKC(-U;V)TIX(D)EGXJI-RBWG:RS
WKH LQGHSHQGHQFH FRSXOD GH QN IRV IQXMIG |RKLWE RI FRQROM Q XR >
UDQGRP YDMIYDEOPWKH OHMVSDRYMXKH LQGHSHQGHQFH FRSXOD GH
WZR VXUIDFHV RYHUODS DQG WIH ,JP § EQWUZ B WY W IQHRKWY UV JKW SD
WKH &0OD\WRQ FRSXOD GHQVLW\ EOXH VXUIDFH Z&l@HWKWHLQGHS
VKRZQ E\ WKH UHG VXUIDFH 7KH JUHHQ VKDGHG YROXPH EHWZHHQ
GLVFUHSDQF\FDSWXUHG E\ WKH VTXDUHG +HBHOXQIHY GLYW@BFH O
WKHLQWHJUDWHG VTXDaG DRBREHNZW KB XQLW VTXDUH DV VWDW

+HOOLQJHU FRUUHODWLRQ

,QDFWXDULDODSSOLFDWLRQV RQHLVRIWHQLQWHUHVWHGLQ FRP
GLIIHUHQW SDLUV RI FRQWLQXRXV YDULDEOHV DULVLQJZLWKLQ WK
IURP WZR OLQHV RI EXVLQHVV RU GLIIHUHQW FODLP FRPSRQHQWV L
WKHVH TXDQWLWLHY DUHRIWHQ PHDVXUHG RQ GLIIHUHQW VEFDOHV I
FHVVLQJ LW LV XVHIXO WR HPSOR\ D GHSHQGHQFH PHDVXUH WKDW
GHSHQGHQFH VWUXFWXUH UDWKHU WKDQ RQ WKH PDUJLQDO VFDOF
/IDID\H GH OLFKHDX] LV SDUWLFXODUO\DSSHDOLQJLQ WKLV FR
WKHUHIRUH PDUJLQ IUHHLQ WKH FRQWLQXRXV FDVH VHH DOVR IRR

'"HILQLWLRQ

7KH +HOOLQJHU FRUUHODWLRQ *HHQHQV /DID\H GH OLFKHDX]

SHQGHQFH EHWZHHQ WZR FRQWLQXRXV UDQGRP YDULDEOHV )RU |
SHQGHQFH PHDVXUH 5pQ\L SURSRVHG VHYHUDO GHVLUDEOH
LW VKRXOG EH PDUJLQ IUHH PHDQLQJ WKDW VWULFWO\PRQRWRQL
DEOHV GR QRW DIIHFW LWV YDOXH ,W VKRXOG DOVR DWWDLQ WKH Y
QRWLRQRI3SHUIHFW GHSHQGHQFH LV IXUWKHU GLVEXVVHG LQ $SS
PHQWYV *HHQHQV DQG /DID\H GH OLFKHDX] SURSRVHG WKH +HC



%H\RQG SDLUZLVH FRUUHODWLRQ

FRSXOD EDVHG LW GHSHRI™®YP DRGWKMKHUHIRUH LQYDULDQW
PRQRWRQLFPDUJLQDO WUDQVIRUPDWLRQV LQ WKHFRQWLQXRXV FI
7KH +HOOLQJHU FRUUHODWLRQ LV FRQVWUXFWH&XYREMKH VTXE
WZHHQ WKH MR PQWDRMDWKHHS UR G XFEW PHDMMXM2 R ZLWK FRSXOD
GHQVduMW) WKH VTXDUHG +HOOLQJHU GLVWDQFH LV JLYHQ E\
zz

1 p—— 2
H2(X;Y )= = c(u;v) 1 dudv:
2 [ [0

8QGHU LQGHSHQGHQFH WKH FRSXODREK @Y EW\ LORHHAXIDHQWED O O\
H2(X;Y) TXDQWLILHV KRZ IDU WKH VTXDUH URRW RI WKH FRSXOD GHQ
GHQFH FRSXOD GHQVLW\

7KH +HOOLQJHU FKRUYUHNWOWKMH®GHILQHG DV D QRUPDOLVHG YHUVL

GLVWDQFH
!
5 q

1 H2XY)?

p——
(X;Y)= 1 H2XY)* 4 3HAX.Y) 2

7KLV QRUPDOLVDWLRQ FDOLEUDWHY WKH PHDVXUH VR WKDW WKH +
DEVROXWH 3HD U VjRQ@ R RR;Y N ORDOMLRRAY D ELYDULDWH *DXVVLDQ GLVW L
FDQ EHLQWHUSUHWHG RQDIDPLOLDU FRUUHODWLRQ OLNH VFDOH
IRUH PDUJLQ IUHH 'HWDLOV RI WKH HPSLULFDO HVWLPDWRU DUH G|
JLIXUH  SURYLGHV DQLQWXLWLYHLOOXVWUDWLRQ RI WKH VTX|
VXUIDFHV Rl WKH VTXDUH UR&WW)F FDSX® IV IGH Q@ GWSHQGHQFH FRSXO
ZKLFK LV HIXRQGWR) WZR VFHQDULRYV , @UAVK K I LWK MW IMFGIDDHQ B H Q
FRSXOD GHQVLW\ VR WKH WZR VXUIDFHV RYHUODS DQG WKH +HOO
VHFRQG VFHMOPUYRVDNHQ WR EH WKH &0OD\WRQ FRSXOD GHQVLW\

c(u;v)=( +1)(uv) ' u +v @

ZLWK5 ,Q WKLV FDVH WKH FRSXOD H[KLELWY GHSHQGHQFH DQG W
SHQGHQFH FRSXOD 7KHVTXDUHG +HOOLQJHU GLVWDQFH WKHQ TXD
WZR VXUIDFHV RYHU WKH XQLW VTXDUH WKH JUHHQ YROXPH

7KH +HOOLQJHU FRUUHODWLRQ VDWLVILHVY VHYHUDO GHVLUDEOH
DWH FRQWLQXRXV UXQIBR® YW FKDEPDHFWHULVHY LQGHSHQGHQFH W

(X;Y)=0 X DQGDUH LQGHSHQGHQW

ORUHRYHU
0 x;Y) 1

VR WKH +HOOLQJHU FRUUHODWLRQ SODFHV SDLUZLVH GHSHQGHQFF
VFDOH $V GLVFXVVHG DERYH LW UHDFKHV RQO\ XXGBIQXGHUIHFW
FDQ EH 3JHQHUDMWE GMEVRUP UDQGRP YDQYEDBRWVHYDOXH UHPDLQV XQ
XQGHU UHVFDOLQJRU VWULFWO\PRQRWRQLF WUDQVIRUPDWLRQV |
WUDQVIRUP RIWHQ XVHG LQ DFWXDULDO ZRUNIORZV $QRWKHU D¢
LV WKDW VLQFH LW LV IRUPXODWHG LQ WHUPV Rl WKH FRSXOD LW
EHILQZWHY LV PDLQO\D WKHRUHWLFDO DGYDQWDJH DV LW HQVXUF

5HFDOO WKDW WKH MRLQW GHQVLW\ RI WX RDRRAQ RILQ ERIX X UL N@WHR® DAD UL DE O H
o(F(X);G(Y)f (x)g(y) ZKHRE(M) u DQ&y) v DUH WKH UDQNV 7KLV LOOXVWUDWWHY ZHOO KR
WDNHV WKHfP) DQg®N HRXW RI WKH HTXDWLRQT

5HPHPEHU WKDW 3HDUVRQfV FRUUHODWLRQ FRHIILFLHQW UHTXLUHV WKH ILUVYV
WR H[LVW



%H\RQG SDLUZLVH FRUUHODWLRQ

GHILQHG HYHQ LQ KHDY\ WDLOHG VHWWLQJV ,Q WKH QH[W VHFWLR(
WKH +HOOLQJHU FRUUHODWLRQ

,OOXVWUDWLRQV

‘HLOOXVWUDWH ERWK WKH HVWLPDWLRQ DQG WHVWLQJ DVSHFWYV
SDFND2HH*®HHQHQV /DID\HGHOLFKHDX] JRUWZR XQLYDULDW
X;¥Y 2R WKH+HOOLQJHU FRUUHODWLRQ VHUYHVY QRW RQO\DV D PHDV
WHVW VWDWLVWLF IRU

Ho: X ?Y;

Hi: X 67?Y:

7KHDVVRFLDWHG WHVW DSSUR[LPDWHV WKH QXOO GLVWULEXWLRQ
ORQWH &DUOR VLPXODWLRQ IURP WKH LQGHSHQGHQFH FRSXOD GH
,Q SUDFWLFH WKH SURFHGXUH LV IXOO\GDWD GULYHQ@BREBGIKDV EHE
DOWKRXJK WKH FRPSXWDWLRQDO FRVW LQFUHDVHYV ZLWK WKH VDF
DVVRFpDWHXH FDQ EH REE\EBH®A®® G ,Z2RLWHWPK WKHRSFHWERKT 4 h_1I1
XVHG WR FRPSXWH WKHODWWHU %HORZ ZHLOOXVWUDWH WKLV SU
6HFWLRQ

%LUWK+GHDWWKVW UHYLVLW WKH ELUWK DQG GHDWK UDWH H[DPSOF
FXVVHG LQ 6HFWLRQ WKH 3HDUVRQ FRUUHODWLRQ FRHIILFLHQW
QRW VWDWLVWLFDOO\ VLIJQLILFDQW ,Q FRQWUDVW WKH +HOOLQJ
VWUXFWXUH ,Q WKLV HIDPSOH WKH +HOOLQJHU FRUUHODWLRQ L\
GHSHQGHQFH 7KLV LVIXUWKHUVXSSRUWHG E\ WKH K\SRWKHVLV Wt
YDOXHRIOHVV WKDQ OHDGLQJWR UHMHFWLRQ RI WKH QXOO K\S
+HOOLQJHU FRUUHODWLRQLY DEOHWR GHWHFW WKH QRQOLQHDU (¢
UDWH WKDW 3HDUVRQ FRUUHODWLRQ IDLOV WR FDSWXUH

OXOWL OLQH VLP X:GIDQMHE GBWBUQ WR WKH PXOWL OLQH H[DPSOH LQ
VRQTV FRUUHODWLRQ FRHIILFLHQW IDLOHG WR GHWHFW WKH GHSH(
FRWY DQG PHGLFDO FODHP ARWAWRXJK J)LIXUH GLVSOD\V D FOHDL
IRM3Y) +HUHZHDSSO\WKH +HOOLQJHUFRUUHODWLRQ WR WKH GDW
VXFK QRQ OLQHDU QRQ FRPRQRWRQLF GHSHQGHQFH VWUXFWXUH)
7DEOH UHSRUWV WKH +HOOLQJHU FRUUHODWLRQ PDWUL[IRU C
H[DPSOH )RFXVLQJRQ WKEKEYRRWY: O;2,@GHZIDREVHUYH WKDW WKH +H
FRUUHODMA5RQ VRRORY H W®&LFDWLQJ YHU\ VWURQJ GHSHQGHQFH EH
7KLV GHPRQVWUDWHY WKH DELOLW\RIWKH +HOOLQJHU FRUUHODWL
GHSHQGHQFH EHWZHHQ FRQWLQXRXV UDQGRP YDULDEOHYV

(Xi;Y) Xl X2 X3 Y

7DEOH +HOOLQJHU FRUUHODWLRQ PDWUL[IRU WKH PXOWL OLQH VLI
FRUUHODWLRQV DUH DOO FORVHMX¢R )] HURL A EN W@ RR/BI WIRH S\DX.IU H V
VWURQJ GHSHQGHQFH EHWZHHQ WKHP 7KLV LV FRQVLVWHQW ZLWK
LV QR REYLRXV SDW W¥kt)NQ DRXEWK)H BIOH UMDV \(KK;N SI[IKWLELWYV D FOHD L
FURVV SDWWHUQ



%H\RQG SDLUZLVH FRUUHODWLRQ

+RZHYHU DV QRWHGXL X6 HFWADRUH QRW PXWXDOO\LQGHSHQGHQW
JLIXUH D $W WKH VDPH WLPH WKH +HOOLQJHU FRUUHODWLRQ L\
WKHP DQG WKH FRUUHVSRQGLQJ SDLUZLVH WHVWV DOVR IDLO WR L
XUH RI WKH +HOOLQJHU FRUUHODWLRQ VLQFH WKHVH SDLUV DUH F
5DWKHU LW SRLQWY WR DQ LPSRUWDQW OLPLWDWLRQ RI WKH +HO
VXUH GHSHQGHQFH RQO\ EHWZHHQ D SDLU RI FRQWLQXRXV UDQGRI
YHFWRUV RUDPRQJPRUH WKDQ WZR UDQGRP YDULDEOHV :H GLVEX
FRUUHODWLRQ IXUWKHU LQ WKH QH[W VHFWLRQ

/ILPLWDWLRQV

$ SUDFWLFDO OLPLWDWLRQ RI WKH +HOOL QJHUQAR DWH O D/\M LFFRG) MM @
UDQGRP YDULDEOHV 6LQFH WKH PDUJLQ IUHH SURSHUW\ UHOLHV
FRQWLQXRXV FDVH WKH +HOOLQJHU FRUUHODWLRQ GHILQHG DER)
PDUJLQDOV 7KLV LVDQLPSRUWDQW OLPLWDWLRQLQDFWXDULDO"
GLVFUHWH YDULDEOHV RUUDQGRP YHFWRUV VXFK DV FODLP FRXQ
ZRUN WKHQXPEHURIVXGGHQ EUDNLQJHYHQWV LQ WHOHPDWLFV LC
HJ JHQGHU RFFXSDWLRQ RU YHKLFOH W\SH ZKLFK DUH RIWHQ
RURQH KRWHQFRGHG YHFWRUYV
,W LV DOVR LPSRUWDQW WR DFNQRZOHGJH WKDW DV QRWHG E\ °
WKH +HOOLQJHU FRUUHODWLRQ LV QRW SULPDULO\ GHVLJQHC
, WV PDLQ UROH LV WR TXDQWLI\ GHSHQGHQFH VWUHQJWK LQ D ZD
FDVHV LQGHSHQGHQWO\RI WKHLU PDUJLQDO GLVWULEXWLRQV 7
QRW SRZHUIXO DV D WHVW VWDWLVWLF LQ SUDFWLFH LWV SRZHU ZlI
VWUXFWXUHDQG WKHVDPSOH VL]H 6HUGDU HW DO 6LQFH PHEL
WHVWLQJLQGHSHQGHQFH DUH UHODWHG EXW GLVWLQFW REMHFWL
WKDW DUH SDUWLFXODUO\ VXLWHG IRUWKH ODWWHU SXUSRVH 7KL
VHFWLRQ ZKLFK LV HVSHFLDOO\ FRQYHQLHQW IRU LQGHSHQGHQFI
UDQGRP YHFWRUV RIDQ\GLPHQVLRQV DQG W\SHV

'LVWDQFH FRYDULDQFH

$V GLVFXVVHG LQ 6HFWLRQ GHWHFWLQJ DVVRFLDWLRQ EHWZHH
DFWXDULDO DSSOLFDWLRQV VLQFH WKH UHOHYDQW REMHFWYV DU
LQFOXGH ULVN DJJUHJDWLRQ IRU FDSLWDO DQG VROYHQF\ SXUSRV
EXVLQHVV DQG IDLUQHVV FRQVLGHUDWLRQV LQ LQVXUDQFH SULFI
ZKHUH FDWHJRULFDO SURWHFWHG IHDWXUHY PD\EH RQH KRW HQFR
*UDUL HW DO ,QWHUQDWLRQDO $VVRFLDWLRQ RI ,QVXUDQ
DO + 0 /HHHW DO 6KL JRU WKLV UHDVRQ ZH LQWU!
EDVHG GHSHQGHQFH VWDWLVWLF GLVWDQFH FRYDULDQFH ZKLFK |
RILQWHUHVW IRUGHSHQGHQFH DQDO\VLV DUH UDQGRP YHFWRUYV

'"HILQLWLRQ

'LVWDQFH FRYDULDQFH 6]pNHO\HW DO SURYLGHV D XVHIXO W

EHWZHHQ WZR UDQGRP YDULDEOHV YHFWRUV )RU W2ZR DQQGRP YD

Y RIDUELWUDU\ GLPHQVLRQ DQG RI YDULRXV W\SHV H J FRQWLQX

FDWHJRULFDO RQHFDQ TXDQWLI\WKH GLVWDQFH ERW DHHQ WKHL!

WKH SURGXFW RI WKHLU PDUJL QD0 ¥ KT D Kv-H IURLO/ANR L IQX D IFRW IPRK@\D
z

Koy (818 () v (K, =y (8107 x (8)' v (D w(si ) ds dt;



%H\RQG SDLUZLVH FRUUHODWLRQ

XVLQJ D ZHLIJKW( ] X QFRVLEQXUH WKDW WKH LQWHJUDO LV ILQLWH 7
IXQFWLRQ DV RQH XQLTXH ZD\ Rl VSHFLI\LQJ D GLVWULEXWLRQ VL
WLRQV ZKLFKxyYDWLKWLHWQG RQDQIGIDUH LQGHSHQGHQW IXUWKHU
FKDUDFWHULVWLF IXQFWLRQV DUH SURYLGHG LQ $SSHQGL[) $OW
WKURXJK FKDUDFWHULVWLF IXQFWLRQV LQ SUDFWLFH WKHVDPSOF
HYDOXDWLQJ WKH LQWHJUDO LQ GLUHFWO\ ,QVWHDG VWDQGI
IRUPXODWLRQEDVHG RQ SDLUZLVH (XFOLGHDQ GLVWDQFH PDWULFF
LO\ FRPSXWDEOH HVWLPDWRU VHH $SSHQGL[) IRU GHWDLOV 6H
FRQVLGHUHG )RULQVWDQFH %LORGHDX DQG /DID\H GH OLFKHDX]
*DXVVLDQ PDUJLQDOV XVHG D *DXVVLDQ ZHLJKW IXQFWLRQ DQG SU
LQGHSHQGHQFH RU VHULDO LQGHSHQGHQFH EHWZHHQ UDQGRP Y|
'"HKHXYHOV DQG HXHUYHUJHU 6]pNHO\ HW DO DGDS
QRQ VHULDO VHWWLQJ E\ XVLQJ D VSHFLDO ZHLJKW IXQFWLRQ DQG
VXJIJHVW WKDW WKLV ZHLJKW VKRXOG EH SUHIHUUHG +RZHYHU )C
ZHLIJKW IXQFWLRQV DQG DUJXHG WKDW LQ D K\SRWKHVLV WHVWLQ
GHSHQGVRQWKHDOWHUQDWLYH GLVWULEXW L RCx?6X pW)HIDQ G W D O
FDOOHG WKH VTXDUH URRW RI WKLV TXDQWLW\ GLVWDQFH FRYDULT
IXQFWLRQ XVHG E\6]pNHO\ HW DO VLQFH LW LV WKHVWDQGDUC
WKH RQHLPSOHPHQWHG LGBRRPBROWV\KXMH® GHWDLOV RI WKLV ZHL
SURYLGHG LQ $SSHQGL]J)

JLIXUH GLVSOD\V WKH UHDO SDUW Rl WKH MRLQW FKDUDFWHU
PDUJLQDO FKDUDFWHULVWLF IXQFWLRQV IRUWZR UDQGRP YDULDE
8QGHU LQGHSHQGHQFH OHIW SDQHO WKH WZR FKDUDFWHULVWLF
LV JHUR UHVXOWLQJLQ JHUR GLVWDQFH FRYDULDQFH 7KLV LV FRC
WDQFH FRYDULDQFH DV D GLVWDQFH EHWZHHQ WKH MRLQW FKDUDF
PDUJLQDO FKDUDFWHULVWLF IXQFWLRQV DV GLVFXVVHG LQ 6HFWL
VLDQ PDUJLQDOV DUH FRXSOHG WKURXJK D &® DDWRQ FIRROVOLIRDL WK
DQG )LIXUH WKH YDULDEOHV DUH QR ORQJHULQGHSHQGHQW DQ
ORQJHU FRLQFLGH 'LVWDQFH FRYDULDQFH FDSWXUHV WKLV GLVFL
WZR IXQFWLRQV LOOXVWUDWHG E\WKH VKDGHG DUHD LQ WKH ULJK\
DOVR GHILQHG D VWDQGDUGLVHG YHUVLRQ RI WKH GLVWDQFH FRYD
ZKLFK LV JLYHQ E\

dCov?(X ;Y)
dCoW2(X ;X )dCow(Y ;Y)

0 dCor’(X;Y)= p

EXW FRQWUDU\ WR WKH +HOOLQJHU FRUUHODWLRQ ZKLFK LV FRSX
WDQFH FRUUHODWLRQ LV GHILQHG GLUHFWO\ IURP WKH YDULDEOH
QLWXGH WKHUHIRUH GRHVY QRW UHIOHFW WKH GHSHQGHQFH VWUXF
PHDVXUH RI GHSHQGHQFH VWUHQJWK :H OHDYH WKH GHWDLOHG Gt
FRYDULDQFH WR $SSHQGLFHV) DQG)

%\ TXDQWLI\LQJ WKH GLVWDQFH EHWZHHQ FKDUDFWHULVWLF IXQ
WXUHJHQHUDOIRUPVRIDVVRFLDWLRQ LQFOXGLQJQRQ OLQHDUDC
WZRUDQGRP YDULDEOHYV YHFWRUV 7KLVLVDQDGYDQWDJHRYHU W
LQ 6HFWLRQ ORVWLPSRUWDQWO\ WKLV FKDUDFWHULVHV LQGHSF

dCoV’(X;Y)=0 (0 X DQGDUHLQGHSHQGHQW

7KH QRWLRQ RILQGHSHQGHQFH EHWZHHQ WZR UDQGRP YHFWRUV Z|
SURSHUW\IROORZV N RPN B HHLANG WEBD@GCHQW LIDQG RQO\LIWKHLU
IXQFWLRQ FRLQFLGHV ZLWK WKH SURGXFW RIWKHLU PDUJLQDO FKD
ORUHRYHU GLVWDQFHFRYDULDQFHLV GHILQHGIRUUHDO YDOXHG |



%H\RQG SDLUZLVH FRUUHODWLRQ

JLIXUH 7KLV ILIJXUH FRPSDUHV WKH UHDO SDUW RI WKH MRLQW FKDL
UHDO SDUW RI WKH SURGXFW RI WKH PDUJLQDOIEKHD® DPWW HIRW WER
UDQGRP YDULDEOHY ZLWK VWDQGDUG *DXVVLDQ PDUJLQDOV 7KH
FDVH IRU ZK(EREK"x(s) v(l) VRWKHWZRFXUYHV FRLQFLGH 7KH ULJKYV
GHSHQGHQW FDVH ZKHUH WKH *DXVVLDQ PDUJLQDOV DUH FRXSOHC
ZLWK SDUDPHDWHUQ DQG )LIXUH ,Q WKLV FDVH WKH MRLQW
QR ORQJHU FRLQFLGHYV ZLWK WKH SURGXFW RI WKH PDUJLQDOV DC
GLVWDQFHFRYDULDQFHLVGHVLIQHGWRFDSWXUH 1RWHWKDWD O
LOGLFDWH VWURQJHU GHSHQGHQFH DV GLVWDQFH FRYDULDQFH L
UDWKHU WKDQ IURP WKHLU FRSXOD VRLWVPDIJQLWXGHGRHY QRW L

7TKLVLV SDUWLFXODUO\XVHIXO VLQFHPDQ\TXDQWLWLHV RILQWHU
PXOWLYDULDWH DV GLVFXVVHG LQ 6HFWLRQ ,Q WKH QH[W VHFW
FRYDULDQFH WKURXJK WKH PRWLYDWLQJH[DPSOHV LQWURGXFHG F

,OOXVWUDWLRQV

JRULOOXVWUDWLRQ ZISPENB®MVHMRQWKH WR FRPSXWH GLVWDQFH
DQFHDQG GLVWDQFH FRUUHODWLRQ QR, S/B DRG0, DLRUHKXVMNQ FW L |
WR FRPSXWH WKHVH VAORW, LVW XEMXKHOWR SHUIRUP D SHUPXWDWLI
RQ GLVWDQFH FRUUHODWLRQ XQGHU WKH QX000 K\SRWKHVLV LQ (T
WLRQDO FRVW LQFUHDVHV PDLQO\ZLWK WKH VDPSOH VL]H DQG SHU
UXQWLPHEHFDXVH WKHVWDWLVWLFPXVWEHUHFRPSXWHG RYHU PI
ZLWK WKH QXPEHU RI SHUPXWDWLRQV VSHFLILHG E\ WKH XVHU )XU
DQG WKH FRPSXWDWLRQDO FRVW RI FRPSXWLQJWKH VWDWLVWLF D
SURYLGHG LQ $SSHQGL])

%DLUWK+'HBWKDLQ FRQVLGHU WKHELUWKUDWH YHUVXVY GHDWK UDW
FRPSXWHERWKWKHGLVWDQFHFRYDULDQFHDQG WKHGLVWDQFH FF
UDWH 7KHGLVWDQFHFRYDULDQFH LV +RZHYHU GLUHFW LQW
LV OHVV LQIRUPDWLYH VLQFH LW LV QRW VFDOH IUHH ‘H WKHUHI
ZKLFK LV HTXDO WR (YHQ VR WKLV YDOXH LV LQWHUSUHWDEQG
LWZLOO EHEHWZHHQ DQG EXWLWLV QRW FRPSDUDEOH WR RWK'



%H\RQG SDLUZLVH FRUUHODWLRQ

FRUUHODWLRQ GLVWDQFHFRUUHODWLRQLV QRWPDUJLQ IUHH :H

GHSHQGHQFH PHDVXUHV IXUWKHU LQ 6HFWLRQ +HQFH ZH IRF
XQGHU WKH K\SRWKHVHVY VWDWHG LQ (TXDWLRQ 7TKHPpFRUUHVSHF
YDOXHO®W002 OHDGLQJ WR D UHMHFWLRQ RI WKH QXOO K\SRWKHVLYV R
FROQVLVWHQW ZLWK RXU ILQGLQJV LQ 6HFWLRQ DQG VKRZV WKD

WKH GLVWDQFH FRUUHODWLRQ DUH DEOH WR GHWHFW WKH QRQOL
GHDWK UDWH

OXOWL OLQH VLPXODMRHOMEDWDB ZLWK RXU PRWLYDWLQJ H[DPSOH LC
RI EXVLQHVY 7DEOHYV DQG GLVSOD\ WKH GLVWDQFH FRUUHC
SHUPXWDWLRIOWHYWU LOGHSHQGHQFH IRUHYHU\ SDLURIYDULDE

Ho: Xi?Y;
Hq: X 67Y;

IRiE1;23 :KHQ ZHLQVSHFW WKH GLVWDQFH FRUUHODWLRQ DOO YDC
WKH&BYY IRUZKLFKWKH GLVW DO¥FEB FREYVWODWLLR@OX ODUJHU WKD
SDLUV ,Q SDUWLFXODU WK K&¥)SIHQHIP G WH EWW R @ DWLRQVKLS W
IDLOVWR GHWHFW $VLPLODUFRQFOXVLRQLVVXSSRUWHGEAWKH F
ZKLFK OHDG XV WR UHMHFW WKH QX0 0 g\SRWHKHWKWOREX® GHSHQGHQ
DQG WKHUHIRUH LQGLFDWH GHSHQGHQFH EHWZHHQ WKH WZR YDUI
ODUJHVW SDLUZLVH YDOXH D GLVWDQFH FRUUHODWLRQ RI PD
DYDOXHRIWKLV PDJQLWXGH DURVH IRU 3HDUVRQ RU +HOOLQJHU F
ZHDN GHSHQGHQFH ZKLFK LV QRW FRQVLVWHQW ZLWK WKH FOHDU
7KLV IXUWKHU LOOXVWUDWHY WKDW GLV®IPWHARBWEYDSOQWHRQWD |
ELQDU\DQVZHU\HV QR WKDQ IRULQWHUSUHWLQJWKHVWUHQJWK

dCor?(Xi;Yj) X1 X2 X3 Y

7TDEOH 'LVWDQFH FRUUHODWLRQ PDWUL[IRUWKHPXOWL OLQH VLP X
FRUUHODWLRQ WKH GLVWDQFH FRUUHODWLRQX3:P(lyHZIKQRBKFDWRVH V
VXEVWDQWLDOO\ ODUJHU WKDQ WKH RWKHUV 7KLKLQGLRLEBWHY OL
(X2;Y) EXWD QRWLFHDEO\ VWUR@gMNY GHSHQGHQFH IRU

p YDOXM; X2 X3 Y

Y <

7TDEOH 3HUPXWDWLRQROXHWDWUL[ EDVHG RQ GLVWDQFH FRYDULDC
H[DPSOHp ¥MOHOXH LV VLIQLILFD @X¢;RQ QKIRFFKWYXHBQVUVWHQW ZLWK )
ZKHUH X@O\H[KLELWYVY DQ REYLRXV FURVV SDWWHUQ

$V GLVFXVVHG HDUOLHU GLVWDQFHFRYDULDQFH KDV WKHDGGL\
WHFWGHSHQGHQFH EHWZHHQUDQGRP YHFWRUV RIDUELWUDU\GLP
DGYDQWDJH RYHU ERWK FRUUHODWLRQDQG WKH +HOOLQJHU FRUU



%H\RQG SDLUZLVH FRUUHODWLRQ

E WKHUH LV FOHDU GHSHQGHQFH LQY:ROWL QH WHKH U R AR DRM F
SXWH WKH GLVWDQFH FRYDULDQFH GLVWD Q PHYBRWXHHEDWZHRIQ BV
UDQGRP HPWRIQG WKHWFDIGHDQX 00 K\SRWKHVLV LV

Ho: (X1;X2)? Y,
Hiq: (Xl;XZ) 6?Y:

7TKH GLVWDQFH FRU U@ R DRGQ EWVW W2ZHHHQE \ p 2ZDNVOKB R |

LOGLFDWLQJ D VLIQLILFDQW UHODWLRQVKLS EHWZHHQ WKHP 8VL

GHWHFW MRLQW GHSHQGHQFH EHW:12tbH Q QMKW KIED/Q GR B R WFRADFSWV X U T

VWDWLVWLFV OLPLWHG WR SDLUZLVH DVVRFLDWLRQV EHWZHHQ LC

(X1;X2) LV FRQVWUXFWHG E\ FRQFRWHCQDIWDREZRYVN RIWVKHK® /HH HW L
VHH DOVR 6HFWLRQ

/ILPLWDWLRQV

$V ZHFDQ VHHLQ WKH SUHYLRXVLOOXVWUDWLRQV D SUDFWLFDO F
LWVHOILY QRW VFDOH IUHH XIRY UHYFPOB WKH QQIORWYRHYV LQ GRO
WKDQ WKRXVDQGV RIGROODUV WKHYDOXHRIGLVWDQFHFRYDULD
EHDGGUHVVHG E\UHSRUWLQJWKH GLVWDQFH FR1] HORDAMLYRIQ ZKLF
VRPH FDUHLV VWLOO QHHGHG ZKHQ LOQWHUSUHWLQJ GLVWDQFH FRL
RIGHSHQGHQFH VWUHQJWK $VQRWHGE\*HHQHQVDQG /DID\HGHOL
ODWLRQLV VWLOO QRW PDUJLQ IUHH ,Q DGGLWLRQ IRUDNZ®R UHDO
Y WKHVWDWLVWLF DWWDLQV LWV PD[LPXP RQO\LQ WKH FDVH RI St
HW DO WKDW BX + BKRIQVRPH UHD @& X B BB UKLY VKRXOG EH NHS
LQPLQG VLQFHSHUIHFW GHSHQGHQFH PD\DOVR DULVHLQ QRQ OLC
PD\QRW EH DEOH WR UHIOHFW WKLV E\DWWDLQLQJLWYV PD[LPXP

+HQFH ZH YLHZ GLVWDQFH FRYDULDQFH SULPDULO\DV D XVHIXO"
WZHHQ UDQGRP YHFWRUV UDWKHU WKDQDV D XQLILHGDQG GLUHFW
VWUHQJWK IRUUHSRUWLQJDFURVYV VHWWLQJV ,QVWHDG WKH +HO
LV W\SLFDOO\ ILW IRUD XQLYHUVDO PHDVXUH RI GHSHQGHQFH VWU

'LWK WKDW VDLG WZR DGGLWLRQDO UHPDUNV DUH ZRUWK DGGLQ
HIILFLHQW GLVWDQFH FRYDULDQFH LV GHILQHG XQGHU WKH DVVX]
UDQGRP YHFWRUV DUH ILQLWH ,Q SULQFLSOH WKLV FRQGLWLRQ P
EUHFKWYV HW DO ,Q VXFK FDVHV GLVWDQFH FRYDULDQFH LV
FRQYHUJH DQG WKH FKDUDFWHULVDWLRQ WKDW 3LQGHSHQGHQFH |
LV "PD\QRORQJHUDSSO\ VLQFHLW UHOLHVRQWKHVHPRPHQW FR(
WHFKQLFDO FRQGLWLRQ DQG LY OLNHO\QRW D SUDFWLFDO OLPLWD

ORUHRYHU WKH HVWLPDWLRQ RI GLVWDQFH FRYDULDQFH LV QRV
HW DO W FDQ EHGULYHQ WR D KLJK YDOXHE\D VLQJOH RUD I
ZKHQ WKH WZR UDQGRP YDULDEOHV DUHLQGHSHQGHQW DW WKH SF
XQLTXH WR GLVWDQFH FRYDULDQFH DQG DOVR DSSOLHV WR WKH FR
QRWLQJ

&KRRVLQJEHWZHHQ +HOOLQJHU FRUUHODWLRQDQG GLVWDQFH

7KH+HOOLQJHU FRUUHODWLRQDQG GLVWDQFH FRYDULDQFH VHUY'I
JRDO LV WR REWDLQ DQ LQWHUSUHWDEOH VXPPDU\ RI GHSHQGHQF
XQLYDULDWH UDQGRP YDULDEOHYVY WKH +HOOLQJHU FRUUHODWLRGQ
%HFDXVHLWLVFRSXOD EDVHG LWLV PQUJERLIFRKHRD DG LW N R @ YOEK®
IRUUHSRUWLQIJDQG FRPSDULQJGHSHQGHQFHDFURVY VHWWLQJV



%H\RQG SDLUZLVH FRUUHODWLRQ

,Q FRQWUDVW GLVWDQFHFRYDULDQFHLV W\SLFDOO\PRUH XVHIX
GHSHQGHQFH HVSHFLDOO\ZKHQUDQGRP YHFWRUVDUHLQYROYHG
GLUHFWO\WR UDQGRP YHFWRUV RIDUELWUDU\GLPHQVLRQ VRLWF
DQGDYHFWRU RUEHWZHHQWZRUDQGRP YHFWRUV ZLWKRXW UHG X
FRPSDULVRQV 7KLV LV SDUWLFXODUO\XVHIXOLQDFWXDULDO DSS¢
RIWHQ QDWXUDOO\PXOWLYDULDWH RURIPL[HG W\SH

,Q WKHFDVHRIWHVWLQJLQGHSHQGHQFHEHWZHHQ WZR FRQWLQ.
PD\EH XVHIXO WR FRQVLGHU ERWK VWDWLVWLFV $OWKRXJK WKH +H
WHUSUHWHG DV D PHDVXUHRIGHSHQGHQFH VWUHQJWK RQHFDQQR
SUHIHUUHG IRU WHVWLQJLQ WKLY VHWWLQJ 7KHLU SRZHU PD\ GLI
FRQVLGHULQJERWKFDQ SURYLGHD PRUHFRPSOHWH DVVHVVPHQW

$ FRPPRQ IHDWXUH RI ERWK WKH +HOOLQJHU FRUUHODWLRQ DQG |
QRQ QHJIJRWODWHHTXHQWO\ XQOLNH3HDUVRQYVY FRUUHODWLRQ FRHII
RUGLUHFWLRQ RIDVVRFLDWLRQ 7KLV LV QDWXUDO VLQFH IRU QR
LWLV RIWHQ XQFOHDU ZKDW D3GLUHFWLRQ  VKRXOG PHDQ

)LQDOO\ QRWH WKDW GLIITHUHQW GHSHQGHQFH VWUXFWXUHV PD\
WLF )RUWKLV UHDVRQ QXPHULFDO VXPPDULHV DUH RIWHQ EHVW F
WLFV VXFKDVWKH 'DQG 'FRORXUHG SORWV XVHG LQ RXUHDUOLH

OXOWLYDULDWH GHSHQGHQFH

,Q 6HFWLRQ ZHLQWURGXFHG WKH +HOOLQJHU FRUUHODWLRQ DQ
PHQWDU\ GLVWDQFH EDVHG VWDWLVWLFV 7KH +HOOLQJHU FRUUH
UHSRUWLQJ WKH VWUHQJWK RI GHSHQGHQFH EHWZHHQ WZR XQLYD
WDQFH FRYDULDQFH LV SDUWLFXODUO\ XV H | X\@ 2RDQ/GHR\PWLHFMLRUGH
'KHQ PXOWLSOH UDQGRP YDULDEOHV DUHLQYROYHG RQHPD\FRQF
DQG DVVHVV GHSHQGHQFH EHWZHHQ WKH UHVXOWLQJ YHFWRU SDLL
SOHLQ 6HFWLRQ VHH DJDLQ+ 0 /HHHWDO DQG 6HFWLRQ
UHOHYDQW JURXSLQJLQWRWZRUDQGRP YHFWRUV PD\EH XQFOHDU
LILWLVQRWFDSWXUHG E\WKHFKRVHQ JURXSLQJ ORUHJHQHUDOO\
HYHQ ZKHQ DSSOLHG WR VXLWDEO\FKRVHQ UDQGRP YHFWRUV RQO\
VSHFLILHG REMHFWV DQG WKHUHIRUHGRHV QRW LQ JHQHUDO UHVR(
SHQGHQFH 7KLV LV SDUWLFXODUO\UHOHYDQW LQ DFWXDULDO DS
DUH RIWHQ VWDWHG LQ WHUPV RI PXWXDO LQGHSHQGHQFH :H WKF
GHSHQGHQFH VWDWLVWLF WKDW DVVHVVHV KLIKHU RUGHU GHSHQ
YDULDEOHV RUYHFWRUV QDPHO\WKH MRLQW GLVWDQFH FRYDULD

-RLQW GLVWDQFH FRYDULDQFH

$V VKRZQ LQ (TXDWLRQ P X W XIDUDD IQ@RHPS HHOFAMHRUFH RHD Q V. WK D W
SUREDELOLW\ GLVWULEXWLRQ FRLQFLGHV ZLWK WKH SURGXFW RI W
FKDUDFWHULVDWLRQ KROGV LQ WHUPV RI FKDUDXM2HRELVVLF IXQF W

"X mx g (tniinitg) = " () 8tj 2 RP; j=1;:::;d
i=1

,Q WKH FHDYHGLVWDQFH FRYDULDQFH LV DOUHDG\ FRQVWUXFWHG E\
WHULVWLF IXQFWLRQ ZLWK WKH SURGXFW RI WKH PDUJLQDO FKDU'I
ORWLYDWHG E\WKLV VDPHLGHD )DQHW DO DQG &KDNUDERUW)
RULJLQDO FRQVWUXFWL&S 2V R MVIKNHUNDHEVR WW® D DIGWEKK D Q J ILUVW



%H\RQG SDLUZLVH FRUUHODWLRQ

kWK RUGHU GLVWDQFH FRYDULDQFH E\
32

dCoP(X 1;:::;Xk)= », E4 "x; () X 5wyt dty iy

ZKHWHYV WKH ZHLJKW IXQFWLRQ DQDORJRXV WR WKDW RI (TXDWLRQ
k=2 WKLV UHGXFHV WR WKH GLVWDQFH FRYDULDQFH GHILQHG LQ (-
WKH MRLQW GLVW D QRHDERFORJYBBRWR UR/ULY JLYHQ E\

X X
JdCoV?(X 1;::1;X g) = dCoV?(X,; Xj,) + dCoV?(Xj,: X, X s)
(j152)23 ¢ (j15i253)23 &
+  +dCoVA(X1;::: X q);

ZKHl]Jlj‘-Iz (1 W) 2fLdgd: 1< o< < ¢k GHOQORWHY WKH FROOHFWLRQ |
LQJLQGH[] WXSORKRMHQI#M:RRlg )XUWKHU WHFKQLFDO GHWDLOV R(
HJ WKHZHLIKWDRQGFWKRAVWLPDWLRQ RI WKH MRLQW GLVWDOQF!
LQ $SSHQGLFHV * DQG * )DQ HW DO HPSOR\HG D GLITHUHQW
WUDQVIRUPDWLRQ DQGFRQVLGHUHG YDULRXV ZHLJKWV DV ZHOO
VLQFH WKH ZHLJKW IXQFWLRQ XVHG E\ & KDNUDERUW\DQG =KDQJ
GHILQLWLRQRIGLVWDQFHFRYDULDQFHDQG SURYLGHV DQHVWLPD
GLVWDQFH FRYDULDQFH

7TKHIRUPXODWLRQ RI MRLQW GLVWDQFH FRYDULDQFHKWX&RY FR(
RUGHU GLVWDQFH FRYDPYZ,DQ&#H)RHWHBWVKRKH FRUUHVSRQGLQJ WHUF
JDWHV WKHGHSHQGHQFH FRQWULEXWLRQVIDNPRRBUDBWIBG GRW K DOC
YHFWRUVIJdC&WXPMRPELQHY GHSHQGHQFH LQIRUPDWLRQ DFURVYV DOO |
SHQGHQFH XS WRINKKHSHRGHQFH VWUXFWXUH

JRUH[DPSOHM=3KMKH UG RUGHU GLVWDQFHFRYDULDQFHFRQVLG
VWUXFWXUH WKDWXLWKY LV OEODHUAKHARQVLGHUHG MRLQWO\ ,W GRHYV
DFFRXQW IRU WKH SDLUZLVH DVVRFLDWLRQV DPRQJ WKH WKUHH U
WKH UG RUGHU GLVWDQFH FRYDULDQFHLV]JHUR WKLY GRHV QRW L
SDLURIUDQGRP YHFWRUYV &RQYHUVHO\ WKH SDLUZLVH GLVWDQF
HYHQ ZKHQ WKH UG RUGHU GLVWDQFH FRYDULDQFHLVY QRQJHUR W
RQO\FRQVLGHULQJWKHWKUHHUDQGRP YHFWRUVWRJHWKHU :HLC
$SSHQGL[* 7KLV LV JUWOFERABPLQKY DOO QG DQG UG RUGHUGLVW
WHUPV DQG VR RQ VR WKDW LW SURYLGHVY DQ HIKDXVWLYH TXDQW
UDQGRP YHFWRUYV

JLIXUH SURYLGHV D FOHDUHU YLHZ RIWKHDVVRFLDWLRQV FDS
DQFH ,WLOOXVWUDWHYVY WKHGHSHQGHQ¥FK RWAKFWBXVWDEGPBISWRUYI
IRU IRXU UDQGRPR XHKWRN®G )R&=2 WRS OHIW LW FDSWXUHYV D(
GHSHQGHQFH QDPHO\ WKH GHSHQGHQFH EHWZHHQ WKH VL[ SDLUV
(X1;X2;X3;X4) UHSUHVHQWHG E\ GLITHUHQWO\ FRORXUHG HGJHV 7KH
DOQFH WRS ULJKW WKHQ FDSWXUHV GHSHQGHQFH DFURVV WULSOH
ZD\ GHSHQGHQFH WHUPV WR FRQVLGHU UHSUHVHQWHG E\ WKH FI
7KH WK RUGHU GLVWDQFH FRYDULDQFH ERWWRP OHIW FDSWXUH
ZKHQ DOOIRXUUDQGRP YHFWRUVY DUH FRQVLGHUHG MRLQWO\ UHS
QboO\ WKH MRLQW GLVWDQFH FRYDULDQFH ERWWRP ULJKW FRPE|!
DOO RUGHUYV

6LPLODU WR WKH GLVWICQ/FLHAREYDOH) WIRQFKDUDFWHULVH PXWXDO L
DPRQ@IUDQGRP YHFRIWRUWURXDEO\ D YHU\ VWURQJ UHTXLUHPHQW
FDSWXUH ERWK QRQOLQHDU DQG QRQ PROQRWRQLF GHSHQGHQFH L[
GRHY HYHQLQ FDVHV ZKHUH WKH UDQGRP YHFWRUY YDULDEOHYV DL



%H\RQG SDLUZLVH FRUUHODWLRQ

JLIXUH 7KLVILIXUH SURYLGHVDQLQWXLWLRQIRUZKDW WKH KLJKH !
DQGWKHMRLQWGLVWDQFHFRYDULDQFKFOSX\EXDXGERUTKRXWRIDQGRI
OHIW SDQHO UHSUHVHQWY WKH VHFRQG RUGHU WHUPV WKH HGJHYV
DPRQJDOOVL[SDLUVRIUDQGRP YHFWRUV 7KHWRS ULJKW SDQHO |
IDFHV FDSWXULQJ WKH DVVRFLDWLRQV DPRQJDOO IRXU WULSOH)
SDQHO UHSUHVHQWYVY WKH IRXUWK RUGHU WHUP WKH WHWUDKHGU|
IRXU UDQGRP YHFWRUV MRLQWO\ 7KH ERWWRP ULJKW SDQHO LOO
ZKLFK FRPELQHV WKH VHFRQG WKLUG DQGIRXUWK RUGHU WHUP\

,OOXVWUDWLRQV

7KHLOOXVWUDWLRQ RIWKH MRLQW GLVWDRIQRBIORBWIKH BREH LV DD
DEOHRQ*LW+XE 'HWDLOVRIWKHFRUUHVSRQGLQJK\SRWKHVLV WH
MRLQW GLVWDQFH FRYDULDQFH DUH SURYLGHGMHHS$ SSHRNILIH  $0
&KDNUDERUW\ HW DO SURYLGHV IXQFWLRQV IRU ERWK HVWLF
FRYDULDQFH

)DLUQHVV JHUU\PDBGBOXYWUDWH KRZ MRLQW GLVWDQFH FRYDULLI
FRQWH[W RI 3IDLUQHVV LVVXHV  LQ ®HF R WMHHDORHRDGAHA S U KSGHLW W LR Q
GHQRWH D SURWHFWHG IHDWXUH VXFKDV JHQGHU RU BWRRLFLW\
JUDSKLF SDWIGMW HW DO OHKUDEL HW DO LQ +XDQJ ;
PRGHO SUHGLFWLRQWREHLQGHSHQGHQW RIWKH SURWKR WG [HD\
QRW GHSHQG RQ S KHD WIKGIPHD RILFDOOA RR S RIWWILE YHMDOXHV RI

P¥2AjS)=P(Y2A) () Y?2sS:

,Q SUDFWLFH KRZHYHU WKHUH DUH RIWHQSERXOSYLERESRMHNVHFW



%H\RQG SDLUZLVH FRUUHODWLRQ

WKDWDPRGHO VDWLVILHY GHPRJUDSKLF SDULW\IRU HDFK SURWHF
¥ ? S k=1:::::d:

7KLV GRHV QRW JXDUDQWHH IDLUQHVYV DW WKH LQWHUVHFWLRQ R \
PRGHO PD\ VDWLVI\ GHPRJUDSKLF SDULW\ PDUJLQDOO\ IRU JHQGHL
IRULQWHUVHFWLRQDO VXEJURXSV VXFK DV &DXFDVLDQ IHPDOHV R
QRPHQRQ LV NIPRZ@BVV JHU U\ PHDIWHWUH @ JID O DQG DULVHV IUR
WKDW

Y2 S IRUIDAQ::;d 8) ¥ 2 (S1;::::Sq):

7KLV PDNHV IDLUQHVYV JHUU\PDQGHULQJ D QDWXUDO FRQWH[W LC
GLVWDQFH FRYDULDQFH ,QGHHG WKHLVVXHLY SUHFLVHO\ WKDW |
WHFWHG IHDWXUH GRHV QRWLPSO\PXWXDOLQGHSHQGHQFH ZKHQ W
MRLQWO\ 7R FDSWXUH WKLV + 0 /HHHWDO SURSRVHG XVLQJ

DVDUHJXODULVHU ,I WKLV UHJXODULVDWLRQLV PDGH VXIILFLHQW

ZKLFK LPSOLHV PXWXDOLQGHSHQGHQFHDPRQJWKHPRGHO SUHGLI
SDUWLFXODU
9?(Si1;8i2;:::;8ik) 8fiq;:iiyikg f L;:::;dg; 1 ko d

+HQFH WKH PRGHO SUHGLFWLRQ LV LQGHSHQGHQW RIDQ\VXEVHW
HDFK SURWHFWHG IHDWXUH PDUJLQDOO\ 7KLV GLUHFWO\DGGUHV\
VLQFH LW HQIRUFHV IDLUQHVV QRW RQO\IRUHDFK SURWHFWHG IHD
WLRQDO VXEJURXSYV

$W WKH VDPH WLPH WKLV H[DPSOH DOVR UHYHDOV DQ LPSRUWDC
YDULDQFHJdBWQFFIHMS WX UHV WKH IXO0 PXWXDO GHSHQGHQFH VWUXF'
FRQGLWLRQ LQ (TXDWLRQ DOVR GHSHQGV RQ WKH GHSHQGHQF
IHDWXUHV WKHPVHOYHV ,Q SDUWLFXODU (TXDWLRQ FDQ KRO
DUHPXWXDOO\LQGHSHQGHQW JUKXM. \L. ® MCKXIVEDDS-5 BH. F D YALHR QW K L J k
IXOO0 PXWXDO GHSHQGHQFH VWUXFWXUH XQGHUO\LQJ IDLUQHVYV JH
LI WKH PRGHOOLQJJRDOLVRQO\WRHQIRUFHLQGHSHQGHQFH EHW:
DWWULEXWHYV

JRU WKLV UHDVRQ + 0 /HH HW DO DOVR LQWURGXFHG WKH |
DQFH DV D FRPSOHPHQWDU\ UHJXODULVHU 6LQFH GLVWDQFH FRYI
YHFWRUV ZH PD\FRQFDWHQDWH WKH SURWHFWHQIHDWXUHV LQW]
DVLQ WKHPXOWL OLQH VLPXODWHG H[DPSOH LQ 6HFWLRQ DQG

DVWKHUHJIJXODULVHU ,I WKHUHJXODULVDWLRQ VWUHQJWK LV VXII

ZKLFK FDQ EH DFKLHY HGDE GHI X2\ WIKRXW LPSRVLQJ DQ\LQGHSHQG
RQWKHSURWHFWHG IHDWXUHVY WKHPVHOYHV %\ WKHGHILQLQJ SU

7KLV LQ WXUQ LPSOLHYV +HQFH WKH PRGHO SUHGLFWLRQ LV D.



%H\RQG SDLUZLVH FRUUHODWLRQ

WKHSURWHFWHG IHDWXUHYVY LQFOXGLQJHDFK SURWHFWHG IHDW XL
‘H LOOXVWUDWH WKLV PRUH FOHDR&E! BEMBM¥R PNWHKSD B WIDMH W

*al i b2ib'XWDQJ &KDUSHQWLHU ZKLFK FRPSULVHYV W
SROLFLHV IRUD SULYDWH PRWRU LQVXUDQFH SURGXFW LQ )UDQFH
LQ $SSHQGL][ * ‘H FRQVLGHU WZR SURW R MBOHIE U AK W K UGNF VD MH

UHVLGHQWLDO UHJLRQ RI WKH SROLF\KROGHU DQEZRMHZKXULRK IRU H
HTXDOV LI WKH SROLF\KROGHU LV IHPDOH DQG LI PDOH +HUH :
PRGHOV RQHZLWKRXW UHJXODULVDWLRQ RQHZLWK MRLQW GLVW

JdCo’(¥; _2:B MK H2

DQG RQH ZLWK
ccdCov(¥;(_2;:BXBMK B2

DVWKH UHJXODULVHU ZKHUK WKMWRRGH® G UFEBHEVWIOPQPV IUHTXHCG
GLVSOD\VWKHGLVWULEXWLRQVRIWKHSUHGLFWHGFODLPIUHTXHQ
XVLQJ NHUQHO GHQVLW\ HVWLPDWHYV LQ WKH WRS URZDQG HPSLULI
WKH ERWWRP URZ $V ZH FDQ VHH ZKHQ WKHUH LV QR UHJXODULVLE
FODLP IUHTXHQFLHV DFURVV JHQGHU UHJLRQ JURXSV DUH PRUH GL\
WLRQ RIPRGHO SUHGLFWLRQV LY QRWLQGHSHQGHQW RI WKH SURW
PRGHO ZLWK UHJXODULVDWLRQ WKH SUHGLFWLRQ GLVWULEXWLRQ
LVFRQVLVWHQW ZLWK WKH URCHGEN WKPHD DHIKWD YO X HY ¥ R)RUHV SR Q C
GHSHQGHQFHYEBWGEMHKH FRQFDWHQDWHG S UR @/:HBEBHKGHIB QW XUH YF
WKH OLPL\WCATHFDYV R ;BE2K )20 LPSOLHV LQGH S HQ®WYPHD OBHU
YDOXHV LQGLFDWH ZHDNHU RYHUDO Q P X2WEKQBQER IS HP®MKFRXDR R Q
WKH FRQECHAR0Q2:BBK H20 LV VWURQJHU VLQFH LW DOVR GHSH(¢
SHQGHQFH VWUXFWXUH EHWZHHQ WKH SURWHFWHG IHDWXUHV WKH
VWURQJUHJXODULVDWLRQ WKHVHGLVWULEXWLRQV ZRXOG RYHUO
LODACACov LV GULYHQ WR]JHUR VR WKDW WKH PRGHO SUHGLFWLRQV |
WHFWHG JURXSV WKDW LV WKHSUHGLFWLRQ GLVWULEXWLRQV UH|

‘H UHIHU WKH UHDGHU WR + 0 /HHHW DO IRU IXUWKHU GHWI
RI WKLV VHWWLQJ

ILPLWDWLRQV

$JDLQ \HCUFMYV EXLOW RQ WKH GLVWDQFH FRYDULDQFH LW VKDUHYV
ILUVW PRPHQWY RI WKH UDQGRP YDULDEOHV DUH UHTXLUHG ,Q DGC
VHW RI YDULDEOHV GULYHV WKH GHSHQGHQFH QRU ZKDW VWUXFW X
PDUJLQ IUHH DV WKH IRUPXODWLRQ GRHY QRW LQYROYH WKH FRS)
JdCovLV QRW LQYDULDQW XQGHU PRQRWRQLF WUDQVIRUPDWLRQV DS
RUYHFWRUV (YHQ WKRXJK WKHUH LV D FRSXOD YHUVLRQ RI GLVWD
PDUN ZKLFK LV D JHQHUDIOWMR G FXQNVWRG RKVLQJ FRSXODV % |W\
LW PD\VWLOO QRWEHD VXLWDEOHPHDVXUH $VGLVFXVVHGLQ %|W
WLYDULDQFH LY QRW GLUHFWO\LQWHUSUHWDEOH LQ WKH VHQVH V
VWUHQJWK RU VWUXFWXUH RI PXWXDO DVVRFLDWLRQ $OVR VLPLC
UHODWLRQ WKH FRSXOD GLVWDQFH PXOWLYDULDQFH GRHV QRW V.
DQ\ RI WKH UDQGRP YHFWRUV YDULDE®HW IE\H8WWFUHGYBY DHREWW |
HILVWHQFH RI PXWXDO DVVRFLDWLRQ UDWKHU WKDQ DV D XQLYHU"
LV WHVWLQJ PXWXDO LQGHSHQGHQFH UDWKH Ud@bk DY DQGHSBHIU H W L
GHQFHPHDVXUH GLIIHUHQFHKWIKQREGPDH WRROGYWKH OHVYV SUREOHF
PDWWHUV LV ZKHWKHU WKH UHVXOWLQJ VWDWLVWLF GLIIHUV IURP ]






	Introduction
	Background and context
	Dependence as a ``distance'' from independence
	Purpose of the dependence analysis
	Contributions
	Paper structure

	What's wrong with pairwise correlation? Review and illustrations
	Uncorrelatedness does not characterise independence
	Correlation is inherently pairwise and cannot detect higher-order dependence
	Correlation does not naturally extend to random vectors and mixed-type data

	Bivariate distance-based dependence statistics
	Hellinger correlation
	Definition
	Illustrations
	Limitations

	Distance covariance
	Definition
	Illustrations
	Limitations

	Choosing between Hellinger correlation and distance covariance

	Multivariate dependence
	Joint distance covariance
	Illustrations
	Limitations

	Time series modelling and diagnostics
	Background
	(Multivariate) Auto-distance correlation
	Illustrations
	Limitations

	Conclusion
	Distance in mathematics
	Details of simulated examples
	Computation of the VaR and TVaR for the one-year loss deviation example
	Data generation for the Multi-line car insurance and medical insurance example

	Definition of perfect dependence
	Hypothesis tests for correlation coefficients
	Pearson's r
	Kendall's 
	Spearman's 

	Details for Hellinger correlation
	Empirical estimator of the Hellinger correlation
	Monte Carlo simulation for hypothesis testing

	Details for distance covariance
	Definition of distance covariance in detail
	Empirical estimator of the distance covariance
	Permutation test for distance covariance

	Details for joint distance covariance
	Weight function in joint distance covariance
	Empirical estimator of the distance covariance
	Permutation test for joint distance covariance
	Illustration of zero 3rd-order distance covariance with non-zero 2nd-order distance covariance
	Details of pg15training

	Details for (multivariate) auto-distance correlation function
	Empirical estimator of the auto-distance correlation function
	Empirical estimator of the multivariate auto-distance correlation function
	Details of the GARCH(1,1) model for S&P-500 log monthly return
	Details of the VAR(2) model for LA mortality data


