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Beyond pairwise correlation

Abstract

Measuring and modelling dependence between risks is crucial in many actuarial applica-

tions, such as when assessing diversification benefits or setting capital requirements. Current

industry practice relies heavily on Pearsonôs correlation coefficient, despite well-known limita-

tions. In particular, it captures only linear association, is restricted to pairwise relationships, and

does not naturally extend to multivariate settings involving multiple random variables or random

vectors (such as when one-hot encoding categorical variables). Sole reliance on Pearsonôs lin-

ear correlation may fail to detect important nonlinear, higher-order, and mutual dependence

structures.

In this paper, we discuss and illustrate several distance-based dependence statistics which

do not suffer from the same limitations as correlation, and discuss how they can be used in

actuarial applications. In the bivariate setting, we consider the Hellinger correlation (Geenens

& Lafaye de Micheaux, 2022) as a tool for measuring dependence between two continuous uni-

variate random variables, and distance covariance (Sz®kely et al., 2007) as a tool for detecting

and testing dependence, especially when random vectors are involved. We then discuss exten-

sions to higher-dimensional settings, including joint distance covariance for assessing mutual

dependence across multiple random variables (or vectors), and the auto-distance correlation

function for time series applications such as forecasting mortality rates over time.

Throughout the paper, we illustrate the use of these tools in actuarial contexts and we direct

the reader to available software implementations. Overall, the paper aims to provide actuaries

with a practical introduction to distance-based dependence statistics and to show how they can

complement classical correlation-based tools in actuarial workflows.

Keywords: Dependence modelling; Mutual dependence; Hellinger correlation; Distance co-

variance; Random vectors

1. Introduction

1.1. Background and context

The work of actuaries often involves modelling dependence and/or formulating dependence

assumptions, and both these tasks have long been recognised as challenging yet essential in

actuarial practice. In fact, one of the first definitions of ñindependenceò is due to a German math-

ematician who specialised in probability theory and actuarial mathematics (Bohlmann, 1901).

Independence (or lack thereof) is a central consideration across many aspects of the insur-

ance industry. For instance, when determining capital adequacy, insurers must consider the

dependence between different risk categories (e.g., asset risk and insurance risk), primarily

to account for diversification benefits (see, for instance, Australian Prudential Regulation Au-

thority, 2023a). Dependence is also relevant for interactions such as risk accumulation, where

multiple exposures are affected by a common event (Australian Prudential Regulation Authority,

2023c; CRO Forum, 2015). In reserving, widely used reserving models impose independence

assumptions on different variables. For example, Mackôs distribution-free chain ladder (Mack,

1993) assumes that each accident yearôs claims development is independent of every other

accident yearôs claims development. In addition, in pricing insurance products, severities are

often assumed to be mutually independent, typically independent and identically distributed

(i.i.d.), meaning that severities are independent across claims and follow the same distribution.

Moreover, severity and frequency are often assumed to be independent (as in the classic collec-

tive risk model). Dependence modelling is becoming increasingly important with the emergence

of newer products such as cyber insurance, where incidents are likely to be associated (Aw-

iszus et al., 2023; Sun et al., 2021). Overall, modelling dependence and validating dependence

assumptions (including mutual independence) remain crucial tasks in actuarial practice.

Pearsonôs correlation coefficient is one of many numerical summaries of a particular linear

form of association (Bradley, 1985), and has been widely used by actuaries as the default mea-
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sure of dependence. It is often treated as a standard tool when assessing dependence between

risks or lines of business (Avanzi et al., 2016; Denuit et al., 2006; P. O. J. Kelliher et al., 2020;

P. Kelliher, 2022; R. A. Shaw et al., 2011). More generally, in economic capital and enterprise

risk management (ERM) practice, dependence is often captured through varianceïcovariance

aggregation, where a correlation matrix is a key input used to aggregate stand-alone risk mea-

sures and determines the diversification level and capital allocation (e.g., Bernard & Vanduffel,

2015). For instance, APRAôs asset risk charge represents the minimum capital required to be

held by an insurer against asset risks (Australian Prudential Regulation Authority, 2023b), and

the aggregation formula is computed using correlations between asset risks. This is also the

case under Solvency II, the prudential regulatory framework for EU (re)insurers. Its ñstandard

formulaò for computing the Solvency Capital Requirement (SCR) uses prescribed correlations

(European Parliament and the Council of the European Union, 2009), although internal models

may also be used to compute the SCR. In addition, under IFRS 17, when adjusting for uncer-

tainty in insurance cash flows, correlation matrices are commonly used to reflect diversification

across different risks (Jiang, 2020). Finally, in a typical modelling pipeline for pricing (e.g.,

GLMs), correlation is widely used to diagnose multicollinearity and redundancy among predic-

tors. Interpretability tools such as partial dependence plots and SHAP-based feature attributions

can also become unreliable when predictors are dependent (Molnar, 2020; Ng et al., 2025). In

actuarial workflows, simple dependence diagnostics such as correlation matrices are therefore

often used as an initial screen in model review (National Association of Insurance Commission-

ers, 2025). These examples illustrate that correlation remains the default operational summary

of dependence across the industry.

Despite the widespread use of Pearsonôs correlation coefficient, its use presents several

well-known (and some less well-known) issues, some of which are discussed in the landmark

paper by Embrechts, McNeil, and Straumann (2002). In this paper, we revisit some of these

pitfalls, but more importantly, we extend the discussion to additional, important issues for which

solutions now exist, which we aim to introduce to the broader actuarial community. In partic-

ular, we focus on three main limitations of correlation: zero correlation does not characterise

independence, correlation is inherently pairwise and cannot detect higher-order dependence,

and correlation does not naturally extend to random vectors or mixed-type data. These issues

are discussed further, together with actuarial examples, in Section 2.

1.2. Dependence as a ñdistanceò from independence

The limitations of Pearsonôs correlation coefficient motivate the use of alternative dependence

measures that can detect broader forms of dependence, including non-linear, non-monotonic,

and higher-order (beyond pairwise) dependence, as well as dependence involving random vec-

tors. In this paper, we review distance-based dependence statistics as complementary tools for

addressing the limitations of correlation. Mutual independence of d random variables or random
vectorsX1; : : : ;Xd (and, in particular, pairwise independence when d = 2) means that the joint
distribution P(X1;:::;Xd) coincides with the product of the marginal distributions

Qd
j=1 PXj . We

use the term distance-based dependence statistic to refer to quantities that assess departure

from independence by quantifying the dissimilarity between the joint distribution and the product

of the marginal distributions. In practice, this comparison is often carried out through suitable

representations of these distributions, such as characteristic functions or copula densities, and

dependence is then assessed through the discrepancy between these representations. Note

that the resulting quantity is not necessarily a distance in the metric sense; see also Appendix A.

1.3. Purpose of the dependence analysis

Viewing dependence as departure from independence provides a common conceptual frame-

work for the statistics considered in this paper. However, different actuarial tasks require differ-
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ent types of dependence tools. It is therefore helpful to clarify the purpose of the dependence

analysis before introducing specific statistics in detail.

Dependence tools in actuarial applications are mainly used for two distinct tasks: (i) mea-

suring the strength of dependence (e.g., for aggregation of risks and/or diversification analyses,

or for comparison purposes), and (ii) testing whether independence (or i.i.d.-type) assumptions

are reasonable (e.g., when validating modelling assumptions). These two tasks place different

requirements on the statistic which is used. As discussed in Geenens and Lafaye de Micheaux

(2022), a dependencemeasure (task (i)) should provide an interpretable quantification of depen-

dence strength, so that weak (but nonzero) dependence yields a correspondingly small value.

In contrast, an independence test (task (ii)) aims at a binary decision, and a powerful test may

use a statistic that departs from its null distribution as soon as any dependence is present,

even if the underlying dependence is very weak. Consequently, interpreting a test statistic as a

measure of dependence strength can be misleading. Conversely, an interpretable dependence

measure may not be optimised for independence testing, so its finite-sample power may differ

from that of statistics constructed primarily for testing. Which procedure is more powerful in

practice depends on the underlying dependence structure of the data.

1.4. Contributions

This paper is tailored to an actuarial audience and makes several contributions. Through sev-

eral actuarial examples, we show that correlation has important shortcomings: it may fail to

detect nonlinear, non-monotonic, vector-level, and higher-order dependence, with material im-

plications for actuarial quantities such as aggregate tail risk and for the assessment of modelling

assumptions.

The paper introduces the concept of distance-based dependence statistics as complemen-

tary tools for actuarial dependence analysis. Dependence analysis in actuarial work typically

involves two distinct tasks: measuring the strength of dependence and testing whether indepen-

dence assumptions are reasonable. These two tasks require different types of statistics. We

discuss several distance-based dependence statistics for these different use cases. In the bi-

variate setting, we discuss the Hellinger correlation as a useful tool for measuring dependence

strength between two continuous univariate random variables, and distance covariance as a

useful tool for detecting and testing dependence, especially when random vectors are involved.

We then extend the discussion to joint distance covariance for assessing mutual dependence

across multiple random variables or vectors, and to the (multivariate) auto-distance correlation

function for time series model specification and diagnostics.

Concepts discussed in this paper are extensively illustrated. We discuss the main limitations

of each statistic, and point to available and implementations so that readers can readily

incorporate these tools into actuarial workflows.

Table 1.1 summarises the main tasks and key properties of the dependence statistics dis-

cussed in this paper. In particular, it highlights the main differences between correlation-based

and distance-based measures in terms of the types of dependence they can capture1, whether

they characterise independence (that is, whether independence can be inferred from their

value), and whether they can be applied to random vectors or to higher-order dependence.

1.5. Paper structure

Section 2 discusses and illustrates the shortcomings of Pearsonôs correlation coefficient, with

actuarial examples. Section 3 discusses distance-based dependence statistics for measuring

1Note that the distance statistics introduced here are not ñdirectionalò. This makes sense, since a distance cannot

be negative, and it also makes sense when considering that the notion of direction is not well defined for associations

that are more complex than linear or monotonic.
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Statistic Pearsonôs r
Spearmanôs

�
Kendallôs �

Hellinger

correlation

Distance

covariance

Joint

distance

covariance

(Multivari-

ate)

Auto-

distance

correlation

Main task
Measure

linear

association

Measure

monotonic

association

Measure

monotonic

association

Measure

dependence

strength

Test for

pairwise

dependence

Test for

mutual

dependence

Serial

dependence

diagnostics

Non-linear? 7 3 3 3 3 3 3

Non-monotonic? 7 7 7 3 3 3 3

0 ()
independence?

7 7 7 3 3 3 3

Directional? 3 3 3 7 7 7 7

Margin-free? 7 3 3 3 7 7 7

Random vectors? 7 7 7 7 3 3 3

Mutual dependence

(d > 2)?
7 7 7 7 7 3 7

Table 1.1: This table summarises the main tasks and key properties of the distance-based

dependence statistics reviewed in this paper. The properties include the types of dependence

they can capture. Here, ñDirectionalò means that the sign indicates a positive or negative rela-

tionship, and ñMargin-freeò means that the statistic remains unchanged under strictly monotone

transformations of the marginals, i.e., it depends only on the underlying dependence structure.

The symbols 3 and 7 indicate whether a given property is satisfied.

and testing dependence between two random variables or random vectors, focusing on the

Hellinger correlation and distance covariance, respectively. Section 4 then considers the ex-

tension of distance covariance to the multivariate setting, which is useful for assessing mutual

dependence among more than two random vectors. Section 5 introduces another extension of

distance covariance, namely the auto-distance covariance, which is useful for time series appli-

cations involving both univariate and multivariate time series. Throughout, we explain how actu-

aries can incorporate these statistics into their workflows, and we discuss their main properties

and limitations. We also illustrate the use of available and packages for implementing

them. Section 6 concludes.

2. Whatôs wrong with pairwise correlation? Review and illustrations

As outlined in Section 1.1, we focus on three main limitations of Pearsonôs correlation coeffi-

cient in this paper. In this section, we illustrate each of these shortcomings through actuarial

examples, highlighting the need for better dependence statistics.

2.1. Uncorrelatedness does not characterise independence

It is well known that zero Pearson correlation between two random variables does not, in gen-

eral, imply independence. One important exception is the bivariate normal case, for which zero

correlation is equivalent to independence (Embrechts et al., 2002). This is because the joint

normal distribution is fully determined by its mean vector and covariance matrix (Muirhead,

1982). While other correlation coefficients such as Kendallôs � and Spearmanôs � are popular
rank-based2 alternatives (Androschuck et al., 2017; Peng & Wang, 2014; Venter, 2002), they

2Here, the órankô refers to an observationôs corresponding empirical cdf value. It is a number between 0 and 1

that indicates how the observation ñranksò compared to the others. When considering the association between two

variables, it is always advisable to plot their ranks rather than their actual observation values (for a pair (xi; yi),
ñF (xi)ò against ñG(yi)ò rather than xi against yi, where F and G maps xôs and yôs to their ranks (ecdf), because
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�L�Q �$�S�S�H�Q�G�L�[ �' �R�Q �S�D�J�H ������ �+�H�U�H�� �W�K�H �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �L�V �L�Q�V�L�J�Q�L�I�L�F�D�Q�W�� �Z�L�W�Kr =
� 0:13�� �Z�K�L�F�K �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �I�L�W�W�H�G �U�H�J�U�H�V�V�L�R�Q �O�L�Q�H �E�H�L�Q�J �I�D�L�U�O�\ �I�O�D�W �D�Q�G �Q�R�W �L�Q�G�L�F�D�W�L�Q�J �D
�V�W�U�R�Q�J �O�L�Q�H�D�U �U�H�O�D�W�L�R�Q�V�K�L�S�� �,�Q �F�R�Q�W�U�D�V�W�� �6�S�H�D�U�P�D�Q�¶�V� �D�Q�G �.�H�Q�G�D�O�O�¶�V� �D�U�H �V�L�J�Q�L�I�L�F�D�Q�W�� �Z�L�W�K �Y�D�O�X�H�V
�R�I� = � 0:33 �D�Q�G� = � 0:24�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�L�V �F�D�Q �E�H �X�Q�G�H�U�V�W�R�R�G �I�U�R�P �W�K�H �U�D�Q�N �S�O�R�W �L�Q �W�K�H
�U�L�J�K�W �S�D�Q�H�O�� �V�L�Q�F�H �6�S�H�D�U�P�D�Q�¶�V� �L�V �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �R�I �W�K�H �U�D�Q�N�V ���D�Q �L�Q�G�L�F�D�W�L�R�Q �R�I �W�K�H �V�O�R�S�H �R�I

�W�K�L�V �W�D�N�H�V �W�K�H �H�I�I�H�F�W �R�I �W�K�H�L�U �P�D�U�J�L�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �D�Z�D�\�� �,�Q �I�D�F�W�� �L�Q �D �E�L�Y�D�U�L�D�W�H �F�D�V�H�� �W�K�H �G�H�Q�V�L�W�\ �R�I �W�K�R�V�H �³�U�D�Q�N�V�´ �L�Q �D
�V�F�D�W�W�H�U�S�O�R�W �L�V �H�[�D�F�W�O�\ �Z�K�D�W �D �F�R�S�X�O�D �G�H�Q�V�L�W�\ �D�L�P�V �W�R �U�H�S�U�H�V�H�Q�W��

��
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�W�K�H �E�O�X�H �O�L�Q�H �W�K�U�R�X�J�K �W�K�H �U�D�Q�N�V���� �$�O�W�K�R�X�J�K �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �L�V �F�O�H�D�U�O�\ �Q�R�Q���P�R�Q�R�W�R�Q�L�F�� �W�K�H �U�D�Q�N
�S�O�R�W �V�W�L�O�O �H�[�K�L�E�L�W�V �D�Q �R�Y�H�U�D�O�O �G�R�Z�Q�Z�D�U�G �W�H�Q�G�H�Q�F�\�� �Z�K�L�F�K �O�H�D�G�V �W�R �V�L�J�Q�L�I�L�F�D�Q�W �Q�H�J�D�W�L�Y�H �Y�D�O�X�H�V �R�I
�6�S�H�D�U�P�D�Q�¶�V� �D�Q�G �.�H�Q�G�D�O�O�¶�V� �� �2�Q �R�Q�H �K�D�Q�G�� �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �I�D�L�O�V �W�R �F�D�S�W�X�U�H �W�K�H �&���V�K�D�S�H�G
�U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �E�L�U�W�K �D�Q�G �G�H�D�W�K �U�D�W�H�V�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �D�O�W�K�R�X�J�K �6�S�H�D�U�P�D�Q�¶�V�
�D�Q�G �.�H�Q�G�D�O�O�¶�V� �D�U�H �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�L�J�Q�L�I�L�F�D�Q�W�� �W�K�H�\ �V�X�P�P�D�U�L�V�H �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �D�V �D �Z�H�D�N �Q�H�J�D�W�L�Y�H
�P�R�Q�R�W�R�Q�L�F �W�U�H�Q�G�� �H�Y�H�Q �W�K�R�X�J�K �W�K�H �G�H�S�H�Q�G�H�Q�F�H �L�Q �)�L�J�X�U�H ������ �L�V �F�O�H�D�U�O�\ �Q�R�Q���P�R�Q�R�W�R�Q�L�F �D�Q�G �&��
�V�K�D�S�H�G��

�7�K�L�V �J�U�D�S�K�L�F�D�O �H�[�D�P�S�O�H �V�K�R�Z�V �W�K�D�W �D �V�P�D�O�O �R�U �L�Q�V�L�J�Q�L�I�L�F�D�Q�W �F�R�U�U�H�O�D�W�L�R�Q �G�R�H�V �Q�R�W �U�X�O�H �R�X�W �P�H�D�Q��
�L�Q�J�I�X�O �G�H�S�H�Q�G�H�Q�F�H�� �,�Q �D�G�G�L�W�L�R�Q�� �H�Y�H�Q �Z�K�H�Q �D �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�L�J�Q�L�I�L�F�D�Q�W�� �W�K�L�V
�G�R�H�V �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\ �P�H�D�Q �W�K�D�W �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �Y�D�U�L�D�E�O�H�V �L�V �L�Q �I�D�F�W �O�L�Q�H�D�U �R�U
�P�R�Q�R�W�R�Q�L�F�� �5�D�W�K�H�U�� �F�R�U�U�H�O�D�W�L�R�Q �F�D�Q �P�L�V�V �L�P�S�R�U�W�D�Q�W �I�H�D�W�X�U�H�V �R�I �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H�� �D�V
�L�O�O�X�V�W�U�D�W�H�G �D�E�R�Y�H�� �0�L�V�L�Q�W�H�U�S�U�H�W�L�Q�J �D�Q �L�Q�V�L�J�Q�L�I�L�F�D�Q�W �F�R�U�U�H�O�D�W�L�R�Q �D�V �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�D�Q �D�O�V�R �K�D�Y�H
�V�H�U�L�R�X�V �F�R�Q�V�H�T�X�H�Q�F�H�V�� �I�R�U �H�[�D�P�S�O�H �E�\ �O�H�D�G�L�Q�J �W�R �D �P�D�W�H�U�L�D�O �X�Q�G�H�U�H�V�W�L�P�D�W�L�R�Q �R�I �W�D�L�O �U�L�V�N �L�Q �E�X�V�L��
�Q�H�V�V �R�S�H�U�D�W�L�R�Q�V�� �D�V �Z�H �L�O�O�X�V�W�U�D�W�H �L�Q �$�S�S�H�Q�G�L�[ �%���� �R�Q �S�D�J�H ������ �7�K�H �L�V�V�X�H �E�H�F�R�P�H�V �H�Y�H�Q �P�R�U�H
�S�U�R�E�O�H�P�D�W�L�F �Z�K�H�Q �G�H�S�H�Q�G�H�Q�F�H �L�V �R�Q�O�\ �Y�L�V�L�E�O�H �W�K�U�R�X�J�K �W�K�H �M�R�L�Q�W �E�H�K�D�Y�L�R�X�U �R�I �P�X�O�W�L�S�O�H �Y�D�U�L�D�E�O�H�V
�U�D�W�K�H�U �W�K�D�Q �W�K�U�R�X�J�K �D�Q�\ �V�L�Q�J�O�H �S�D�L�U�� �V�L�Q�F�H �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q �P�D�\ �I�D�L�O �W�R �U�H�Y�H�D�O �V�X�F�K �G�H�S�H�Q��
�G�H�Q�F�H �D�O�W�R�J�H�W�K�H�U�� �D�V �Z�H �G�L�V�F�X�V�V �Q�H�[�W��

�)�L�J�X�U�H ���������'�L�V�W�U�L�E�X�W�L�R�Q�V �R�I �W�K�H �P�R�W�R�U �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W�VX = ( X 1; X 2; X 3) �D�Q�G �W�K�H �P�H�G�L�F�D�O
�F�O�D�L�PY ��

�������� �&�R�U�U�H�O�D�W�L�R�Q �L�V �L�Q�K�H�U�H�Q�W�O�\ �S�D�L�U�Z�L�V�H �D�Q�G �F�D�Q�Q�R�W �G�H�W�H�F�W �K�L�J�K�H�U���R�U�G�H�U �G�H�S�H�Q�G�H�Q�F�H

�&�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V �P�H�D�V�X�U�H �O�L�Q�H�D�U �R�U �P�R�Q�R�W�R�Q�L�F �U�H�O�D�W�L�R�Q�V�K�L�S�V �E�H�W�Z�H�H�Q �S�D�L�U�V �R�I �U�D�Q�G�R�P �Y�D�U�L��
�D�E�O�H�V�� �D�Q�G �D�U�H �W�K�H�U�H�I�R�U�H �L�Q�K�H�U�H�Q�W�O�\ �S�D�L�U�Z�L�V�H �V�X�P�P�D�U�L�H�V �R�I �G�H�S�H�Q�G�H�Q�F�H�� �7�K�L�V �E�H�F�R�P�H�V �S�U�R�E�O�H�P��
�D�W�L�F �Z�K�H�Q �W�K�H �U�H�O�H�Y�D�Q�W �G�H�S�H�Q�G�H�Q�F�H �L�V �Y�L�V�L�E�O�H �R�Q�O�\ �W�K�U�R�X�J�K �W�K�H �M�R�L�Q�W �E�H�K�D�Y�L�R�X�U �R�I �V�H�Y�H�U�D�O �Y�D�U�L�D�E�O�H�V
�U�D�W�K�H�U �W�K�D�Q �W�K�U�R�X�J�K �D�Q�\ �V�L�Q�J�O�H �S�D�L�U�� �W�K�L�V �L�V �I�X�U�W�K�H�U �H�[�S�O�D�L�Q�H�G �L�Q �6�H�F�W�L�R�Q �� �D�Q�G �L�O�O�X�V�W�U�D�W�H�G �E�H�O�R�Z�� �,�Q
�V�X�F�K �F�D�V�H�V���S�D�L�U�Z�L�V�H�F�R�U�U�H�O�D�W�L�R�Q �P�D�\ �V�X�J�J�H�V�W �O�L�W�W�O�H �R�U �Q�R �G�H�S�H�Q�G�H�Q�F�H�� �H�Y�H�Q �W�K�R�X�J�K �W�K�H �Y�D�U�L�D�E�O�H�V
�D�U�H �Q�R�W�M�R�L�Q�W�O�\���³�P�X�O�W�L���Z�L�V�H�´�� �L�Q�G�H�S�H�Q�G�H�Q�W�� �:�H �L�O�O�X�V�W�U�D�W�H �W�K�L�V �L�V�V�X�H �X�V�L�Q�J �D �V�L�P�X�O�D�W�H�G �P�X�O�W�L���O�L�Q�H
�L�Q�V�X�U�D�Q�F�H �S�R�O�L�F�\�� �1�R�W�H �W�K�D�W �W�K�L�V �H�[�D�P�S�O�H �L�V �F�R�Q�V�W�U�X�F�W�H�G �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �3�H�D�U�V�R�Q
�F�R�U�U�H�O�D�W�L�R�Q�� �F�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �L�V �L�Q�W�H�Q�W�L�R�Q�D�O�O�\ �H�[�D�J�J�H�U�D�W�H�G �D�Q�G �P�D�\ �Q�R�W
�I�X�O�O�\ �U�H�I�O�H�F�W �G�D�\���W�R���G�D�\ �L�Q�V�X�U�D�Q�F�H �R�S�H�U�D�W�L�R�Q�V��

��
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�7�K�H �S�R�O�L�F�\ �L�Q�Y�R�O�Y�H�V �W�Z�R �O�L�Q�H�V �R�I �E�X�V�L�Q�H�V�V�� �P�R�W�R�U �F�O�D�L�P�V�� �Z�L�W�K �W�K�U�H�H �F�R�P�S�R�Q�H�Q�W�V��

X = ( X 1; X 2; X 3) = ���Y�H�K�L�F�O�H �U�H�S�D�L�U �F�R�V�W�� �E�R�G�L�O�\ �L�Q�M�X�U�\ �O�L�D�E�L�O�L�W�\�� �F�O�D�L�P�V �K�D�Q�G�O�L�Q�J �F�R�V�W��;

�D�Q�G �P�H�G�L�F�D�O �F�O�D�L�P�V�� �Z�K�H�U�HY �G�H�Q�R�W�H�V �W�K�H �P�H�G�L�F�D�O �F�O�D�L�P �F�R�V�W �U�H�F�R�U�G�H�G �X�Q�G�H�U �D�Q�R�W�K�H�U �O�L�Q�H �R�I
�E�X�V�L�Q�H�V�V�� �)�L�J�X�U�H ������ �G�L�V�S�O�D�\�V �W�K�H �V�L�P�X�O�D�W�H�G �F�O�D�L�P �G�L�V�W�U�L�E�X�W�L�R�Q�V �X�V�L�Q�J �K�L�V�W�R�J�U�D�P�V �D�Q�G �E�R�[�S�O�R�W�V��

�)�L�J�X�U�H ���������(�P�S�L�U�L�F�D�O �&�'�) �V�F�D�W�W�H�U�S�O�R�W�V �E�H�W�Z�H�H�Q �H�D�F�K �P�R�W�R�U �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W �D�Q�G �W�K�H �P�H�G�L�F�D�O
�F�O�D�L�P �F�R�V�WY�� �7�K�H �S�O�R�W�V �R�I(X 1; X 2)��(X 1; Y )�� �D�Q�G(X 2; Y ) �V�K�R�Z �Q�R �R�E�Y�L�R�X�V �S�D�W�W�H�U�Q�� �F�R�Q�V�L�V�W�H�Q�W
�Z�L�W�K �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�Q�G �W�K�H �Q�H�D�U���]�H�U�R �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q�V �U�H�S�R�U�W�H�G �L�Q �7�D�E�O�H �������� �%�\
�F�R�Q�W�U�D�V�W�� �W�K�H �S�O�R�W �R�I(X 3; Y ) �H�[�K�L�E�L�W�V �D �F�U�R�V�V���V�K�D�S�H�G �S�D�W�W�H�U�Q�� �H�Y�H�Q �W�K�R�X�J�K �L�W�V �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q
�L�V �D�O�V�R �F�O�R�V�H �W�R �]�H�U�R�� �7�K�L�V �L�O�O�X�V�W�U�D�W�H�V �W�K�H �I�L�U�V�W �O�L�P�L�W�D�W�L�R�Q �R�I �F�R�U�U�H�O�D�W�L�R�Q �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q ��������

� X 1 X 2 X 3 Y
X 1 ������������ �������������� ������������ ��������������
X 2 �������������� ������������ ������������ ��������������
X 3 ������������ ������������ ������������ ������������
Y �������������� �������������� ������������ ������������

�7�D�E�O�H ���������3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V �E�H�W�Z�H�H�Q �W�K�H �V�L�P�X�O�D�W�H�G �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W�V�� �7�K�H �F�R�U��
�U�H�O�D�W�L�R�Q�V �E�H�W�Z�H�H�QX i �D�Q�GY �I�R�Ui = 1 ; 2; 3 �D�U�H �F�O�R�V�H �W�R �]�H�U�R�� �L�Q�G�L�F�D�W�L�Q�J �O�L�W�W�O�H �R�U �Q�R �O�L�Q�H�D�U �G�H�S�H�Q��
�G�H�Q�F�H �E�H�W�Z�H�H�Q �L�Q�G�L�Y�L�G�X�D�O �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W�V �D�F�U�R�V�V �W�K�H �W�Z�R �O�L�Q�H�V �R�I �E�X�V�L�Q�H�V�V�� �7�K�H �F�R�U�U�H�O�D�W�L�R�Q�V
�Z�L�W�K�L�Q �W�K�H �P�R�W�R�U �O�L�Q�H �D�U�H �D�O�V�R �F�O�R�V�H �W�R �]�H�U�R�� �$�O�O �F�R�U�U�H�O�D�W�L�R�Q�V �H�[�F�H�S�W �W�K�D�W �I�R�U �W�K�H �S�D�L�U(X 3; Y )
�D�U�H �V�W�D�W�L�V�W�L�F�D�O�O�\ �L�Q�V�L�J�Q�L�I�L�F�D�Q�W�� �$�O�W�K�R�X�J�K �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �I�R�U(X 3; Y ) �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�L�J�Q�L�I�L�F�D�Q�W�� �L�W�V
�P�D�J�Q�L�W�X�G�H �U�H�P�D�L�Q�V �V�P�D�O�O�� �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�D�W �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �P�D�\ �S�U�R�Y�L�G�H �R�Q�O�\ �D �Z�H�D�N �O�L�Q�H�D�U
�V�X�P�P�D�U�\ �H�Y�H�Q �Z�K�H�Q �D �Q�R�Q���W�U�L�Y�L�D�O�� �V�L�J�Q�L�I�L�F�D�Q�W �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �L�V �S�U�H�V�H�Q�W��

�0�R�V�W �L�P�S�R�U�W�D�Q�W�O�\�� �W�K�H �V�L�P�X�O�D�W�H�G �G�D�W�D �D�U�H �F�R�Q�V�W�U�X�F�W�H�G �V�R �W�K�D�W(X 1; X 2)��(X 1; Y )�� �D�Q�G(X 2; Y )
�D�U�H �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W ���W�K�H�R�U�H�W�L�F�D�O�O�\���� �7�K�L�V �L�V �H�Y�L�G�H�Q�F�H�G �E�\ �W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �V�F�D�W�W�H�U�S�O�R�W�V �L�Q
�)�L�J�X�U�H �������� �,�Q �S�D�U�W�L�F�X�O�D�U�� �W�K�H�U�H �L�V �Q�R �R�E�Y�L�R�X�V �S�D�W�W�H�U�Q �L�Q �W�K�H �S�O�R�W�V �R�I(X 1; X 2)��(X 1; Y ) �D�Q�G(X 2; Y )��
�Z�K�L�F�K �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �Q�H�D�U���]�H�U�R �D�Q�G �V�W�D�W�L�V�W�L�F�D�O�O�\ �L�Q�V�L�J�Q�L�I�L�F�D�Q�W �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L��
�F�L�H�Q�W�V �U�H�S�R�U�W�H�G �L�Q �7�D�E�O�H �������� �7�K�X�V�� �L�I �R�Q�H �L�Q�V�S�H�F�W�V �W�K�H �G�D�W�D �R�Q�O�\ �W�K�U�R�X�J�K �S�D�L�U�Z�L�V�H �U�H�O�D�W�L�R�Q�V�K�L�S�V��
�W�K�H�U�H �D�S�S�H�D�U�V �W�R �E�H �O�L�W�W�O�H �H�Y�L�G�H�Q�F�H �R�I �G�H�S�H�Q�G�H�Q�F�H ���L�Q�G�H�H�G�� �W�K�H�U�H �L�V �Q�R�Q�H �H�Y�H�Q �W�K�H�R�U�H�W�L�F�D�O�O�\����

��
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�)�X�U�W�K�H�U�P�R�U�H�� �Q�R�W�H �W�K�D�W �W�K�H �S�O�R�W �R�I(X 3; Y ) �H�[�K�L�E�L�W�V �D �F�U�R�V�V���V�K�D�S�H�G �S�D�W�W�H�U�Q�� �\�H�W �L�W�V �3�H�D�U�V�R�Q �F�R�U��
�U�H�O�D�W�L�R�Q �U�H�P�D�L�Q�V �F�O�R�V�H �W�R �]�H�U�R�� �7�K�L�V �F�D�Q �E�H �L�Q�W�X�L�W�L�Y�H�O�\ �X�Q�G�H�U�V�W�R�R�G �E�\ �W�K�H �I�D�F�W �W�K�D�W �D �U�H�J�U�H�V�V�L�R�Q
�O�L�Q�H �Z�R�X�O�G �E�H �I�O�D�W��

�+�R�Z�H�Y�H�U�� �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �R�I(X 1; X 2)�� (X 1; Y )�� �D�Q�G(X 2; Y ) �G�R�H�V �Q�R�W �L�P�S�O�\ �W�K�D�W
(X 1; X 2; Y ) �D�U�H �M�R�L�Q�W�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �7�R �P�D�N�H �W�K�L�V �K�L�G�G�H�Q �G�H�S�H�Q�G�H�Q�F�H �P�R�U�H �Y�L�V�L�E�O�H�� �)�L�J�X�U�H �������D
�S�O�R�W�V �W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �Y�D�O�X�H�V ���L���H���� �E�D�V�H�G �R�Q �U�D�Q�N�V�� �R�IX 1 �D�Q�GX 2 �D�V �D �V�F�D�W�W�H�U�S�O�R�W�� �Z�L�W�K �H�D�F�K
�S�R�L�Q�W �F�R�O�R�X�U�H�G �E�\ �W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �R�IY �� �7�K�H �L�G�H�D �R�I �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �W�K�L�U�G �Y�D�U�L�D�E�O�HY �E�\
�F�R�O�R�X�U �L�V �W�D�N�H�Q �I�U�R�P �%�R�J�O�L�R�Q�L �%�H�D�X�O�L�H�X �������������� �:�K�H�Q �W�K�H �F�R�O�R�X�U�V �D�U�H �L�J�Q�R�U�H�G�� �W�K�H �S�R�L�Q�W�V �I�L�O�O �W�K�H
�X�Q�L�W �V�T�X�D�U�H �Z�L�W�K�R�X�W �D�Q�\ �R�E�Y�L�R�X�V �S�D�W�W�H�U�Q ���W�K�L�V �L�V �W�K�H �E�R�W�W�R�P �O�H�I�W �V�F�D�W�W�H�U�S�O�R�W �L�Q �)�L�J�X�U�H ���������� �Z�K�L�F�K
�L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �R�IX 1 �D�Q�GX 2�� �+�R�Z�H�Y�H�U�� �R�Q�F�H �W�K�H �F�R�O�R�X�U �V�F�D�O�H �L�V �W�D�N�H�Q
�L�Q�W�R �D�F�F�R�X�Q�W�� �D �S�U�R�Q�R�X�Q�F�H�G �V�W�U�X�F�W�X�U�H �E�H�F�R�P�H�V �Y�L�V�L�E�O�H�� �S�R�L�Q�W�V �Z�L�W�K �V�L�P�L�O�D�U �F�R�O�R�X�U�V �D�O�L�J�Q �D�O�R�Q�J
�G�L�D�J�R�Q�D�O �E�D�Q�G�V�� �)�L�J�X�U�H �������E �L�O�O�X�V�W�U�D�W�H�V �W�K�L�V �P�R�U�H �F�O�H�D�U�O�\�� �W�K�H �S�R�L�Q�W �F�O�R�X�G �O�L�H�V �R�Q �D �V�W�U�X�F�W�X�U�H�G
�V�X�U�I�D�F�H �U�D�W�K�H�U �W�K�D�Q �E�H�L�Q�J �V�F�D�W�W�H�U�H�G �U�D�Q�G�R�P�O�\ �L�Q �W�K�U�H�H �G�L�P�H�Q�V�L�R�Q�V�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �M�R�L�Q�W �Y�D�O��
�X�H�V �R�I(X 1; X 2) �F�R�Q�V�W�U�D�L�Q �W�K�H �Y�D�O�X�H �R�IY �� �7�K�L�V �V�K�R�Z�V �W�K�D�W �W�K�H �Y�D�O�X�H �R�IY �G�H�S�H�Q�G�V �R�Q �W�K�H �M�R�L�Q�W
�E�H�K�D�Y�L�R�X�U �R�IX 1 �D�Q�GX 2�� �H�Y�H�Q �W�K�R�X�J�K �Q�R �V�X�F�K �G�H�S�H�Q�G�H�Q�F�H �L�V �Y�L�V�L�E�O�H �I�U�R�P �D�Q�\ �V�L�Q�J�O�H �S�D�L�U �D�O�R�Q�H��
�,�Q �R�W�K�H�U �Z�R�U�G�V�� �O�R�R�N�L�Q�J �D�W �R�Q�H �S�D�L�U �D�W �D �W�L�P�H �F�D�Q �P�L�V�V �G�H�S�H�Q�G�H�Q�F�H �W�K�D�W �R�Q�O�\ �D�S�S�H�D�U�V �Z�K�H�Q �W�K�H
�Y�D�U�L�D�E�O�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G �W�R�J�H�W�K�H�U�� �7�K�L�V �L�O�O�X�V�W�U�D�W�H�V �W�K�H �V�H�F�R�Q�G �S�L�W�I�D�O�O �R�I �F�R�U�U�H�O�D�W�L�R�Q�� �K�L�J�K�H�U���R�U�G�H�U
�G�H�S�H�Q�G�H�Q�F�H �D�P�R�Q�J �P�R�U�H �W�K�D�Q �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �F�D�Q�Q�R�W�� �L�Q �J�H�Q�H�U�D�O�� �E�H �G�H�W�H�F�W�H�G �I�U�R�P �S�D�L�U��
�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q�V ���H�Y�H�Q�� �D�V�V�R�F�L�D�W�L�R�Q�V �L�Q �J�H�Q�H�U�D�O�� �D�O�R�Q�H�� �$�O�W�K�R�X�J�K �V�L�W�X�D�W�L�R�Q�V �L�Q �Z�K�L�F�K �Y�D�U�L�D�E�O�H�V
�D�U�H �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W �E�X�W �P�X�W�X�D�O�O�\ �G�H�S�H�Q�G�H�Q�W �P�D�\ �Q�R�W �E�H �I�U�H�T�X�H�Q�W�O�\ �R�E�V�H�U�Y�H�G �L�Q �S�U�D�F�W�L�F�H��
�W�K�H �F�R�Q�V�H�T�X�H�Q�F�H�V �R�I �L�J�Q�R�U�L�Q�J �W�K�L�V �D�V�V�R�F�L�D�W�L�R�Q �F�D�Q �V�W�L�O�O �E�H �V�H�Y�H�U�H�� �7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �L�P�S�R�U�W�D�Q�W
�L�Q �D�F�W�X�D�U�L�D�O �P�R�G�H�O�O�L�Q�J�� �Z�K�H�U�H �D�V�V�X�P�S�W�L�R�Q�V �D�U�H �R�I�W�H�Q �V�W�D�W�H�G �L�Q �W�H�U�P�V �R�I�P�X�W�X�D�O�L�Q�G�H�S�H�Q�G�H�Q�F�H��

���D���(�P�S�L�U�L�F�D�O �&�'�) �Y�D�O�X�H�V �R�IX 1 �D�Q�GX 2�� �Z�L�W�K
�H�D�F�K �S�R�L�Q�W �F�R�O�R�X�U�H�G �E�\ �W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �Y�D�O�X�H
�R�IY �� �,�J�Q�R�U�L�Q�J �W�K�H �F�R�O�R�X�U�V�� �W�K�H �H�P�S�L�U�L�F�D�O �&�'�)
�S�O�R�W �R�IX 1 �D�Q�GX 2 �V�K�R�Z�V �Q�R �R�E�Y�L�R�X�V �S�D�W��
�W�H�U�Q�� �V�X�J�J�H�V�W�L�Q�J �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�P��
�+�R�Z�H�Y�H�U�� �R�Q�F�H �W�K�H �F�R�O�R�X�U �V�F�D�O�H �R�IY �L�V �L�Q�F�R�U�S�R��
�U�D�W�H�G�� �D �F�O�H�D�U �G�L�D�J�R�Q�D�O �V�W�U�X�F�W�X�U�H �E�H�F�R�P�H�V �Y�L�V�L��
�E�O�H�� �7�K�L�V �V�K�R�Z�V �W�K�D�WY �G�H�S�H�Q�G�V �R�Q �W�K�H �M�R�L�Q�W �E�H��
�K�D�Y�L�R�X�U �R�IX 1 �D�Q�GX 2�� �V�R �W�K�D�W(X 1; X 2; Y ) �D�U�H
�Q�R�W �M�R�L�Q�W�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �H�Y�H�Q �W�K�R�X�J�K �W�K�L�V �L�V �Q�R�W
�D�S�S�D�U�H�Q�W �I�U�R�P �D�Q�\ �V�L�Q�J�O�H �S�D�L�U �D�O�R�Q�H��

���E�����' �V�F�D�W�W�H�U�S�O�R�W �I�R�U �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G
�H�[�D�P�S�O�H �Z�L�W�K �W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �Y�D�O�X�H�V �R�IX 1��
X 2�� �D�Q�GY �� �$�V �V�K�R�Z�Q �L�Q �W�K�H �S�O�R�W�� �W�K�H �S�R�L�Q�W�V �O�L�H
�R�Q �W�Z�R �S�O�D�Q�H�V�� �D�Q�G �N�Q�R�Z�L�Q�J �W�K�H �Y�D�O�X�H�V �R�IX 1

�D�Q�GX 2 �U�H�V�W�U�L�F�W�V �W�K�H �S�R�V�V�L�E�O�H �Y�D�O�X�H�V �R�IY �� �7�K�L�V
�L�Q�G�L�F�D�W�H�V �W�K�D�WY �G�H�S�H�Q�G�V �M�R�L�Q�W�O�\ �R�Q(X 1; X 2)��

�)�L�J�X�U�H �����������' ���O�H�I�W�� �D�Q�G ���' ���U�L�J�K�W�� �V�F�D�W�W�H�U�S�O�R�W�V �I�R�U �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �H�[�D�P�S�O�H�� �E�D�V�H�G �R�Q
�W�K�H �H�P�S�L�U�L�F�D�O �&�'�) �Y�D�O�X�H�V �R�IX 1��X 2�� �D�Q�GY ��
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�)�R�U �H�[�D�P�S�O�H�� �W�K�H �F�O�D�V�V�L�F �F�R�O�O�H�F�W�L�Y�H �U�L�V�N �P�R�G�H�O �I�R�U �W�K�H �D�J�J�U�H�J�D�W�H �O�R�V�V

S =
NX

i =1

X i ����������

�Z�K�H�U�HN �L�V �W�K�H �Q�X�P�E�H�U �R�I �F�O�D�L�P�V �D�Q�GX i �L�V �W�K�H �L�Q�G�L�Y�L�G�X�D�O �F�O�D�L�P �D�P�R�X�Q�W�� �W�\�S�L�F�D�O�O�\ �D�V�V�X�P�H�V �W�K�D�W
�F�O�D�L�P �V�H�Y�H�U�L�W�L�H�V �D�U�H �L���L���G���� �Z�K�L�O�H �W�K�H �&�U�D�P�p�U�±�/�X�Q�G�E�H�U�J �P�R�G�H�O �L�Q �U�X�L�Q �W�K�H�R�U�\ �D�V�V�X�P�H�V �P�X�W�X�D�O
�L�Q�G�H�S�H�Q�G�H�Q�F�H �D�P�R�Q�J �F�O�D�L�P �V�L�]�H�V�� �W�R�J�H�W�K�H�U �Z�L�W�K �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �F�O�D�L�P �V�L�]�H�V �D�Q�G �W�K�H
�F�O�D�L�P �F�R�X�Q�W�� �,�W �L�V �W�K�H�U�H�I�R�U�H �L�P�S�R�U�W�D�Q�W �W�R �G�L�V�W�L�Q�J�X�L�V�K �E�H�W�Z�H�H�Q�S�D�L�U�Z�L�V�H�D�Q�G�P�X�W�X�D�O�L�Q�G�H�S�H�Q�G�H�Q�F�H
���%�R�K�O�P�D�Q�Q�� ������������ �3�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �P�H�D�Q�V �W�K�D�W �H�Y�H�U�\ �S�D�L�U �R�I �Y�D�U�L�D�E�O�H�V �L�V �L�Q�G�H�S�H�Q�G�H�Q�W��
�Z�K�H�U�H�D�V �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �L�V �D �V�W�U�R�Q�J�H�U �F�R�Q�G�L�W�L�R�Q�� �N�Q�R�Z�L�Q�J �W�K�H �Y�D�O�X�H�V �R�I �D�Q�\ �V�X�E�V�H�W �R�I �W�K�H
�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �G�R�H�V �Q�R�W �D�I�I�H�F�W �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H �U�H�P�D�L�Q�L�Q�J �Y�D�U�L�D�E�O�H�V��

�)�R�O�O�R�Z�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q �L�Q �.�R�O�P�R�J�R�U�R�Y �������������� �I�R�Ud �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�VX 1; X 2; : : : ; X d���� �Z�H
�V�D�\ �W�K�D�WX 1; : : : ; X d �D�U�H�P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�L�I

P(X 1 2 A1; : : : ; X d 2 Ad) =
dY

i =1

P(X i 2 A i ): ����������

�+�H�U�H�� �H�D�F�KA i �U�H�S�U�H�V�H�Q�W�V �D�Q�\ �V�X�E�V�H�W �R�I �W�K�H �S�R�V�V�L�E�O�H �R�X�W�F�R�P�H�V �R�I �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Y�D�U�L�D�E�O�H
X i �� �,�Q �F�R�Q�W�U�D�V�W�� �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �U�H�T�X�L�U�H�V �R�Q�O�\ �W�K�D�WX i ? X j �I�R�U �H�Y�H�U�\i 6= j �D�Q�G �I�R�U �D�O�O
�V�H�W�VA i ��A j ��

P(X i 2 A i ; X j 2 A j ) = P(X i 2 A i )P(X j 2 A j ); ����������

�Z�K�L�F�K �G�R�H�V �Q�R�W �L�Q �J�H�Q�H�U�D�O �L�P�S�O�\ �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H
�L�P�S�O�L�H�V �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H�²���������� �L�P�S�O�L�H�V ������������ �E�X�W �W�K�H �F�R�Q�Y�H�U�V�H �L�V �I�D�O�V�H�� �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V
�F�D�Q �E�H �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W �Z�L�W�K�R�X�W �E�H�L�Q�J �P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W��

�)�L�J�X�U�H ���������7�K�L�V �I�L�J�X�U�H �F�R�P�S�D�U�H�V �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�H�Q�V�L�W�\ �I�X�Q�F�W�L�R�Q�V ���3�'�)�V�� �O�H�I�W �S�D�Q�H�O�� �D�Q�G �F�X��
�P�X�O�D�W�L�Y�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q�V ���&�'�)�V�� �U�L�J�K�W �S�D�Q�H�O�� �R�I �W�K�H �V�W�D�Q�G�D�U�G �Q�R�U�P�D�O �G�L�V�W�U�L�E�X�W�L�R�QN (0; 1)
�D�Q�G �W�K�H �O�L�P�L�W�L�Q�J �G�L�V�W�U�L�E�X�W�L�R�QS ���L���H�� �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �D�S�S�U�R�D�F�K�H�G �E�\ �W�K�H �Q�R�U�P�D�O�L�V�H�G �V�X�P �D�V �W�K�H
�Q�X�P�E�H�U �R�I �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �W�H�Q�G�V �W�R �L�Q�I�L�Q�L�W�\�� �I�R�U �D �V�H�T�X�H�Q�F�H �R�I �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W �E�X�W �P�X�W�X��
�D�O�O�\ �G�H�S�H�Q�G�H�Q�W �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �D�V �G�H�I�L�Q�H�G �L�Q �(�T�X�D�W�L�R�Q ������������ �I�R�Ur = 0 :6; 0:8; 0:95�� �7�K�H �I�L�J�X�U�H
�L�O�O�X�V�W�U�D�W�H�V �W�K�D�W �W�K�H �O�L�P�L�W�L�Q�J �G�L�V�W�U�L�E�X�W�L�R�Q �L�V �Q�R�Q���*�D�X�V�V�L�D�Q�� �D�Q�G �K�H�Q�F�H �W�K�D�W �W�K�H �&�/�7 �F�D�Q �I�D�L�O �Z�K�H�Q
�W�K�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �D�U�H �Q�R�W �P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W��

�$ �I�X�U�W�K�H�U �S�U�D�F�W�L�F�D�O �F�R�Q�V�H�T�X�H�Q�F�H �L�V �W�K�D�W �W�K�H �F�H�Q�W�U�D�O �O�L�P�L�W �W�K�H�R�U�H�P ���&�/�7���� �Z�K�L�F�K �L�V �R�I�W�H�Q �U�H�O�L�H�G
�X�S�R�Q �L�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �F�D�Q �I�D�L�O �I�R�U �V�H�T�X�H�Q�F�H�V �W�K�D�W �D�U�H �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W �E�X�W �Q�R�W �P�X��
�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �$�V �L�O�O�X�V�W�U�D�W�H�G �E�\ �$�Y�D�Q�]�L �H�W �D�O�� ������������ �D�Q�G �%�R�J�O�L�R�Q�L �%�H�D�X�O�L�H�X �H�W �D�O�� ��������������
�S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�O�R�Q�H �G�R�H�V �Q�R�W �J�X�D�U�D�Q�W�H�H �D�V�\�P�S�W�R�W�L�F �Q�R�U�P�D�O�L�W�\�� �7�K�H�\ �F�R�Q�V�W�U�X�F�W �D �V�H��
�T�X�H�Q�F�HX 1; : : : ; X n �R�I �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W�� �E�X�W �Q�R�W �P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �V�W�D�Q�G�D�U�G �Q�R�U�P�D�O

�� �7�K�H �G�H�I�L�Q�L�W�L�R�Q �D�O�V�R �D�S�S�O�L�H�V �Z�K�H�Q �Z�H �K�D�Y�H �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �V�H�H �6�H�F�W�L�R�Q ��������

��



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �V�X�F�K �W�K�D�W �W�K�H �O�L�P�L�W�L�Q�J �G�L�V�W�U�L�E�X�W�L�R�Q �R�I

p
n

1
n

nX

i =1

X i ����������

�F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�D�W �R�I �W�K�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H

S =
p

1 � r 2 Z + r�; ����������

�Z�K�H�U�HZ � N (0; 1)�� �D�Q�G �Z�K�H�U�H� �L�V �D �V�W�D�Q�G�D�U�G�L�V�H�G �F�K�L���V�T�X�D�U�H�G �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H �L�Q�G�H�S�H�Q�G�H�Q�W
�R�IZ �� �D�Q�G0 < r 2 < 1�� �)�L�J�X�U�H ������ �F�R�P�S�D�U�H�V �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�IS �Z�L�W�K �W�K�H �V�W�D�Q�G�D�U�G �Q�R�U�P�D�O
�G�L�V�W�U�L�E�X�W�L�R�QN (0; 1)�� �V�K�R�Z�L�Q�J �W�K�D�W �W�K�H �&�/�7 �F�D�Q �I�D�L�O �Z�K�H�Q �W�K�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �D�U�H �Q�R�W �P�X�W�X�D�O�O�\
�L�Q�G�H�S�H�Q�G�H�Q�W�� �7�K�H�U�H�I�R�U�H�� �U�H�O�\�L�Q�J �V�R�O�H�O�\ �R�Q �S�D�L�U�Z�L�V�H �G�L�D�J�Q�R�V�W�L�F�V �F�D�Q �E�H �L�Q�V�X�I�I�L�F�L�H�Q�W �Z�K�H�Q �P�R�G�H�O�V
�R�U �D�S�S�U�R�[�L�P�D�W�L�R�Q�V �U�H�T�X�L�U�H �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �H�Y�H�Q �Z�K�H�Q �W�K�H �V�D�P�S�O�H �V�L�]�H �L�V �O�D�U�J�H�� �0�R�U�H
�J�H�Q�H�U�D�O�O�\�� �G�H�S�H�Q�G�H�Q�F�H �W�K�D�W �L�V �L�Q�Y�L�V�L�E�O�H �I�U�R�P �H�Y�H�U�\ �L�Q�G�L�Y�L�G�X�D�O �S�D�L�U �P�D�\ �E�H�F�R�P�H �Y�L�V�L�E�O�H �R�Q�O�\ �Z�K�H�Q
�W�K�H �Y�D�U�L�D�E�O�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G �M�R�L�Q�W�O�\�� �,�Q �V�X�F�K �V�L�W�X�D�W�L�R�Q�V�� �W�K�H �U�H�O�H�Y�D�Q�W �R�E�M�H�F�W �R�I �L�Q�W�H�U�H�V�W �L�V �Q�R�W �D
�V�L�Q�J�O�H �Y�D�U�L�D�E�O�H�� �E�X�W �D �J�U�R�X�S �R�I �Y�D�U�L�D�E�O�H�V �W�D�N�H�Q �W�R�J�H�W�K�H�U�� �W�K�D�W �L�V�� �D �U�D�Q�G�R�P �Y�H�F�W�R�U�� �7�K�L�V �O�H�D�G�V
�Q�D�W�X�U�D�O�O�\ �W�R �W�K�H �Q�H�[�W �S�U�R�E�O�H�P�� �F�R�U�U�H�O�D�W�L�R�Q �G�R�H�V �Q�R�W �S�U�R�Y�L�G�H �D �Q�D�W�X�U�D�O �V�X�P�P�D�U�\ �R�I �G�H�S�H�Q�G�H�Q�F�H
�Z�K�H�Q �W�K�H �R�E�M�H�F�W �R�I �L�Q�W�H�U�H�V�W �L�V �D �U�D�Q�G�R�P �Y�H�F�W�R�U��

�������� �&�R�U�U�H�O�D�W�L�R�Q �G�R�H�V �Q�R�W �Q�D�W�X�U�D�O�O�\ �H�[�W�H�Q�G �W�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V �D�Q�G �P�L�[�H�G���W�\�S�H �G�D�W�D

�,�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �W�K�H �R�E�M�H�F�W �R�I �L�Q�W�H�U�H�V�W �L�V �R�I�W�H�Q �L�Q�K�H�U�H�Q�W�O�\ �P�X�O�W�L�Y�D�U�L�D�W�H�� �(�[�D�P�S�O�H�V �L�Q�F�O�X�G�H
�Y�H�F�W�R�U�V �R�I �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W�V�� �V�X�F�K �D�V �L�Q �W�K�H �P�X�O�W�L���O�L�Q�H �H�[�D�P�S�O�H �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�X�E�V�H�F�W�L�R�Q�� �S�R�O��
�L�F�\�K�R�O�G�H�U �U�L�V�N �S�U�R�I�L�O�H�V �X�V�H�G �L�Q �S�U�L�F�L�Q�J �P�R�G�H�O�V �W�K�D�W �F�R�P�E�L�Q�H �Q�X�P�H�U�L�F�D�O �D�Q�G �F�D�W�H�J�R�U�L�F�D�O �Y�D�U�L�D�E�O�H�V
���*�R�O�G�E�X�U�G �H�W �D�O���� ���������� �.�D�I�N�R�Y�i �	 �.���L�Y�i�Q�N�R�Y�i�� ���������� �6�K�L �	 �6�K�L�� ������������ �D�Q�G �U�L�V�N �P�R�G�X�O�H�V �W�K�D�W
�W�K�H�P�V�H�O�Y�H�V �F�R�Q�V�L�V�W �R�I �P�X�O�W�L�S�O�H �V�X�E���U�L�V�N �P�R�G�X�O�H�V �Z�K�H�Q �G�H�W�H�U�P�L�Q�L�Q�J �F�D�S�L�W�D�O �U�H�T�X�L�U�H�P�H�Q�W�V ���,�Q�W�H�U��
�Q�D�W�L�R�Q�D�O �$�V�V�R�F�L�D�W�L�R�Q �R�I �,�Q�V�X�U�D�Q�F�H �6�X�S�H�U�Y�L�V�R�U�V�� ������������ �,�Q �S�D�U�W�L�F�X�O�D�U�� �D�F�W�X�D�U�L�D�O �G�D�W�D �D�U�H �R�I�W�H�Q �R�I
�P�L�[�H�G �W�\�S�H�� �Z�L�W�K �Q�X�P�H�U�L�F�D�O �Y�D�U�L�D�E�O�H�V �D�S�S�H�D�U�L�Q�J �D�O�R�Q�J�V�L�G�H �F�D�W�H�J�R�U�L�F�D�O �Y�D�U�L�D�E�O�H�V�� �,�Q �S�U�D�F�W�L�F�H�� �F�D�W��
�H�J�R�U�L�F�D�O �Y�D�U�L�D�E�O�H�V �D�U�H �I�U�H�T�X�H�Q�W�O�\ �U�H�S�U�H�V�H�Q�W�H�G �W�K�U�R�X�J�K �R�Q�H���K�R�W �H�Q�F�R�G�L�Q�J�� �V�R �W�K�D�W �H�Y�H�Q �D �V�L�Q�J�O�H
�U�D�W�L�Q�J �I�D�F�W�R�U �P�D�\ �E�H�F�R�P�H �D �Y�H�F�W�R�U �R�I �L�Q�G�L�F�D�W�R�U �Y�D�U�L�D�E�O�H�V�� �,�Q �V�X�F�K �V�H�W�W�L�Q�J�V�� �W�K�H �U�H�O�H�Y�D�Q�W �G�H�S�H�Q��
�G�H�Q�F�H �L�V �R�I�W�H�Q �Q�R�W �E�H�W�Z�H�H�Q �W�Z�R �V�F�D�O�D�U �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �E�X�W �E�H�W�Z�H�H�Q �D �U�D�Q�G�R�P �Y�H�F�W�R�U �D�Q�G
�D�Q�R�W�K�H�U �Y�D�U�L�D�E�O�H�� �R�U �E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V��

�+�R�Z�H�Y�H�U�� �S�D�L�U�Z�L�V�H �G�H�S�H�Q�G�H�Q�F�H �V�W�D�W�L�V�W�L�F�V �V�X�F�K �D�V �F�R�U�U�H�O�D�W�L�R�Q �D�U�H �G�H�V�L�J�Q�H�G �W�R �T�X�D�Q�W�L�I�\ �W�K�H
�U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q ���R�Q�O�\�� �W�Z�R �V�F�D�O�D�U �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �D�W �D �W�L�P�H�� �,�I �R�Q�H �U�H�O�L�H�V �R�Q�O�\ �R�Q �F�R�U�U�H�O�D��
�W�L�R�Q�� �W�K�H�Q �W�K�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�H�F�W�R�U�VX = ( X 1; : : : ; X p) �D�Q�GY = ( Y1; : : : ; Yq)
�L�V �U�H�G�X�F�H�G �W�R �W�K�H �F�R�O�O�H�F�W�L�R�Q �R�I �S�D�L�U�Z�L�V�H �U�H�O�D�W�L�R�Q�V�K�L�S�V

(X i ; Yj ); i = 1 ; : : : ; p; j = 1 ; : : : ; q:

�7�K�L�V �F�D�Q �E�H �L�Q�D�G�H�T�X�D�W�H�� �E�H�F�D�X�V�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V �F�R�Q�F�H�U�Q�V �Z�K�H�W�K�H�U �W�K�H
�W�Z�R �P�X�O�W�L�Y�D�U�L�D�W�H �R�E�M�H�F�W�V �D�U�H �D�V�V�R�F�L�D�W�H�G �D�V �Z�K�R�O�H�V�� �U�D�W�K�H�U �W�K�D�Q �Z�K�H�W�K�H�U �H�D�F�K �F�R�P�S�R�Q�H�Q�W �L�V �D�V��
�V�R�F�L�D�W�H�G �Z�L�W�K �D�Q�R�W�K�H�U �R�Q�H �L�Q �L�V�R�O�D�W�L�R�Q�� �7�K�H �L�V�V�X�H �L�V �H�Y�H�Q �P�R�U�H �S�U�R�Q�R�X�Q�F�H�G �Z�K�H�Q �W�K�H �Y�H�F�W�R�U�V �D�U�H
�R�I �P�L�[�H�G �W�\�S�H�� �V�L�Q�F�H �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q �L�V �P�R�V�W �L�Q�W�H�U�S�U�H�W�H�G �I�R�U �V�F�D�O�D�U �Q�X�P�H�U�L�F�D�O �Y�D�U�L�D�E�O�H�V �D�Q�G
�G�R�H�V �Q�R�W �S�U�R�Y�L�G�H �D �X�Q�L�I�L�H�G �V�X�P�P�D�U�\ �R�I �G�H�S�H�Q�G�H�Q�F�H �I�R�U �P�X�O�W�L�Y�D�U�L�D�W�H �R�E�M�H�F�W�V �F�R�Q�W�D�L�Q�L�Q�J �F�D�W�H�J�R�U��
�L�F�D�O �F�R�P�S�R�Q�H�Q�W�V�� �7�K�L�V �L�V �L�O�O�X�V�W�U�D�W�H�G �V�F�K�H�P�D�W�L�F�D�O�O�\ �L�Q �)�L�J�X�U�H ������ �I�R�U �W�Z�R �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �U�D�Q�G�R�P
�Y�H�F�W�R�U�V�� �3�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q�V ���O�H�I�W �S�D�Q�H�O�� �R�Q�O�\ �G�H�V�F�U�L�E�H �V�H�S�D�U�D�W�H �F�R�P�S�R�Q�H�Q�W���E�\���F�R�P�S�R�Q�H�Q�W �U�H��
�O�D�W�L�R�Q�V�K�L�S�V�� �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �E�O�D�F�N �V�R�O�L�G �H�G�J�H�V�� �%�\ �F�R�Q�W�U�D�V�W�� �D �Y�H�F�W�R�U �G�H�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H
�D�V�N�V �Z�K�H�W�K�H�UX �D�Q�GY �D�U�H �G�H�S�H�Q�G�H�Q�W �D�V �Z�K�R�O�H�V�� �7�K�L�V �L�Q�F�O�X�G�H�V �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �Y�H�F��
�W�R�U�V �D�V �Z�K�R�O�H�V ���E�O�D�F�N �V�R�O�L�G �H�G�J�H���� �D�V �Z�H�O�O �D�V �K�R�Z �W�K�H �Y�H�F�W�R�U���O�H�Y�H�O �G�H�S�H�Q�G�H�Q�F�H �P�D�\ �U�H�O�D�W�H �W�R
�L�Q�G�L�Y�L�G�X�D�O �F�R�P�S�R�Q�H�Q�W�V ���J�U�H�\ �V�R�O�L�G �H�G�J�H�V���� �E�H�\�R�Q�G �W�K�H �S�D�L�U�Z�L�V�H �F�R�P�S�R�Q�H�Q�W���W�R���F�R�P�S�R�Q�H�Q�W �D�V��
�V�R�F�L�D�W�L�R�Q�V ���J�U�H�\ �G�D�V�K�H�G �H�G�J�H�V���� �0�R�V�W �L�P�S�R�U�W�D�Q�W�O�\�� �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�QX �D�Q�GY �L�P�S�O�L�H�V

����
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�L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �H�D�F�K �S�D�L�U(X i ; Yj )�� �W�K�D�W �L�V��

X ? Y =) X i ? Yj ; 8i = 1 ; : : : ; p; j = 1 ; : : : ; q: ����������

�3�D�L�U�Z�L�V�H �Y�L�H�Z

X =

Y =

X 1 X 2

Y1 Y2

�2�Q�O�\ �W�K�H �V�F�D�O�D�U �S�D�L�U�V
(X i ; Yj ) �D�U�H �H�[�D�P�L�Q�H�G��

�9�H�F�W�R�U �Y�L�H�Z

X =

Y =

X 1 X 2

Y1 Y2

�7�K�H �G�H�S�H�Q�G�H�Q�F�H �R�I �L�Q�W�H�U�H�V�W �L�V �E�H�W�Z�H�H�Q
�W�K�H �Y�H�F�W�R�U�VX �D�Q�GY �D�V �Z�K�R�O�H�V��

�Z�K�L�O�H �V�W�L�O�O �U�H�O�D�W�L�Q�J �W�R �W�K�H�L�U �F�R�P�S�R�Q�H�Q�W�V��

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �S�D�L�U�Z�L�V�H �Y�H�U�V�X�V �Y�H�F�W�R�U �G�H�S�H�Q�G�H�Q�F�H�� �/�H�I�W�� �S�D�L�U�Z�L�V�H �G�H�S�H�Q��
�G�H�Q�F�H �R�Q�O�\ �F�D�S�W�X�U�H�V �W�K�H �V�H�S�D�U�D�W�H �D�V�V�R�F�L�D�W�L�R�Q�V �E�H�W�Z�H�H�Q �H�D�F�K �F�R�P�S�R�Q�H�Q�W �S�D�L�U(X i ; Yj ) �R�I �W�K�H �W�Z�R
�U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �5�L�J�K�W�� �W�K�H �G�H�S�H�Q�G�H�Q�F�H �R�I �L�Q�W�H�U�H�V�W �L�V �E�H�W�Z�H�H�QX = ( X 1; X 2) �D�Q�GY = ( Y1; Y2)
�D�V �P�X�O�W�L�Y�D�U�L�D�W�H �R�E�M�H�F�W�V�� �,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �S�D�L�U�Z�L�V�H �F�R�P�S�R�Q�H�Q�W���W�R���F�R�P�S�R�Q�H�Q�W �D�V�V�R�F�L�D�W�L�R�Q�V ���J�U�H�\
�G�D�V�K�H�G �H�G�J�H�V���� �Y�H�F�W�R�U �G�H�S�H�Q�G�H�Q�F�H �D�O�V�R �D�O�O�R�Z�V �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �Y�H�F�W�R�U�V �D�V �Z�K�R�O�H�V
���E�O�D�F�N �V�R�O�L�G �H�G�J�H�� �D�Q�G �E�H�W�Z�H�H�Q �D �Y�H�F�W�R�U �D�Q�G �D�Q �L�Q�G�L�Y�L�G�X�D�O �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �R�W�K�H�U �Y�H�F�W�R�U ���J�U�H�\
�V�R�O�L�G �H�G�J�H�V����

�7�K�L�V �S�R�L�Q�W �L�V �D�O�V�R �U�H�I�O�H�F�W�H�G �L�Q �W�K�H �P�X�O�W�L���O�L�Q�H �H�[�D�P�S�O�H �D�E�R�Y�H�� �7�K�H�U�H�� �W�K�H �P�H�G�L�F�D�O �F�O�D�L�P �F�R�V�W
Y �L�V �F�R�Q�V�W�U�X�F�W�H�G �W�R �G�H�S�H�Q�G �R�Q �W�K�H �M�R�L�Q�W �E�H�K�D�Y�L�R�X�U �R�I �Y�H�K�L�F�O�H �U�H�S�D�L�U �F�R�V�WX 1 �D�Q�G �E�R�G�L�O�\ �L�Q�M�X�U�\
�O�L�D�E�L�O�L�W�\X 2�� �U�D�W�K�H�U �W�K�D�Q �R�Q �H�L�W�K�H�U �F�R�P�S�R�Q�H�Q�W �V�H�S�D�U�D�W�H�O�\�� �,�Q�W�X�L�W�L�Y�H�O�\�� �P�H�G�L�F�D�O �F�R�V�W�V �D�U�H �R�I�W�H�Q
�U�H�O�D�W�H�G �W�R �E�R�W�K �D�F�F�L�G�H�Q�W �V�H�Y�H�U�L�W�\ �D�Q�G �E�R�G�L�O�\ �L�Q�M�X�U�\ �V�H�Y�H�U�L�W�\�� �$ �F�O�D�L�P �Z�L�W�K �V�X�E�V�W�D�Q�W�L�D�O �Y�H�K�L�F�O�H
�G�D�P�D�J�H �E�X�W �O�L�P�L�W�H�G �E�R�G�L�O�\ �L�Q�M�X�U�\ �P�D�\ �O�H�D�G �W�R �U�H�O�D�W�L�Y�H�O�\ �V�P�D�O�O �P�H�G�L�F�D�O �H�[�S�H�Q�V�H�V�� �Z�K�L�O�H �E�R�G�L�O�\
�L�Q�M�X�U�\ �Z�L�W�K �O�L�P�L�W�H�G �D�F�F�L�G�H�Q�W �V�H�Y�H�U�L�W�\ �P�D�\ �D�O�V�R �Q�R�W �J�H�Q�H�U�D�W�H �W�K�H �V�D�P�H �O�H�Y�H�O �R�I �W�U�H�D�W�P�H�Q�W �F�R�V�W�� �,�W
�L�V �Z�K�H�Q �W�K�H�V�H �I�H�D�W�X�U�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G �W�R�J�H�W�K�H�U �W�K�D�W �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �Z�L�W�K �P�H�G�L�F�D�O �F�R�V�W �E�H�F�R�P�H�V
�P�R�U�H �D�S�S�D�U�H�Q�W�� �+�H�Q�F�H�� �W�K�H �U�H�O�H�Y�D�Q�W �R�E�M�H�F�W �R�I �L�Q�W�H�U�H�V�W �L�V �W�K�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �Y�H�F�W�R�U
(X 1; X 2) �D�Q�GY �� �U�D�W�K�H�U �W�K�D�Q �W�K�H �V�H�S�D�U�D�W�H �S�D�L�U�Z�L�V�H �D�V�V�R�F�L�D�W�L�R�Q�V�� �)�X�U�W�K�H�U�P�R�U�H�� �L�Q �S�U�D�F�W�L�F�H �W�K�R�V�H
�V�H�Y�H�U�L�W�L�H�V �D�U�H �O�L�N�H�O�\ �W�R �E�H �H�Q�F�R�G�H�G �Z�L�W�K �F�D�W�H�J�R�U�L�F�D�O �Y�D�U�L�D�E�O�H�V��

���� �%�L�Y�D�U�L�D�W�H �G�L�V�W�D�Q�F�H���E�D�V�H�G �G�H�S�H�Q�G�H�Q�F�H �V�W�D�W�L�V�W�L�F�V

�:�H �I�L�U�V�W �O�R�R�N �D�W �W�K�H �O�L�P�L�W�D�W�L�R�Q �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q �������� �Q�D�P�H�O�\ �W�K�D�W �D �F�R�U�U�H�O�D�W�L�R�Q �R�I �� �E�H�W�Z�H�H�Q
�W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �G�R�H�V �Q�R�W�� �L�Q �J�H�Q�H�U�D�O�� �L�P�S�O�\ �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �7�K�L�V �O�L�P�L�W�D�W�L�R�Q �P�R�W�L�Y�D�W�H�V �W�K�H
�X�V�H �R�I �G�H�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H�V �W�K�D�W �U�H�P�D�L�Q �L�Q�I�R�U�P�D�W�L�Y�H �E�H�\�R�Q�G �O�L�Q�H�D�U �D�V�V�R�F�L�D�W�L�R�Q�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q
�Z�H �I�R�F�X�V �R�Q �W�K�H �E�L�Y�D�U�L�D�W�H �V�H�W�W�L�Q�J�� �Z�K�L�F�K �S�U�R�Y�L�G�H�V �W�K�H �V�L�P�S�O�H�V�W �I�U�D�P�H�Z�R�U�N �I�R�U �L�Q�W�U�R�G�X�F�L�Q�J �W�K�H �N�H�\
�L�G�H�D�V �E�H�I�R�U�H �H�[�W�H�Q�G�L�Q�J �W�K�H�P �W�R �K�L�J�K�H�U���R�U�G�H�U �G�H�S�H�Q�G�H�Q�F�H�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �Z�H �F�R�Q�V�L�G�H�U �W�Z�R �F�R�P��
�S�O�H�P�H�Q�W�D�U�\ �V�W�D�W�L�V�W�L�F�V�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �Z�K�L�F�K �L�V �Z�H�O�O���V�X�L�W�H�G �W�R �T�X�D�Q�W�L�I�\�L�Q�J �G�H�S�H�Q�G�H�Q�F�H
�V�W�U�H�Q�J�W�K �E�H�W�Z�H�H�Q �W�Z�R �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �W�K�U�R�X�J�K �D �P�H�D�V�X�U�H �E�R�X�Q�G�H�G �E�H�W�Z�H�H�Q �� �D�Q�G
���� �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �Z�K�L�F�K �L�V �S�U�L�P�D�U�L�O�\ �X�V�H�I�X�O �I�R�U �G�H�W�H�F�W�L�Q�J �D�Q�G �W�H�V�W�L�Q�J �J�H�Q�H�U�D�O �G�H�S�H�Q��
�G�H�Q�F�H �E�H�W�Z�H�H�Q �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �R�U �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �7�K�H�V�H �W�Z�R �V�W�D�W�L�V�W�L�F�V �U�H�I�O�H�F�W �W�K�H �W�Z�R �U�H�O�D�W�H�G
�R�E�M�H�F�W�L�Y�H�V �L�Q �G�H�S�H�Q�G�H�Q�F�H �D�Q�D�O�\�V�L�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q �������� ���L�� �P�H�D�V�X�U�L�Q�J �W�K�H �V�W�U�H�Q�J�W�K �R�I �D�V�V�R��
�F�L�D�W�L�R�Q �Z�K�H�Q �Y�D�U�L�D�E�O�H�V �D�U�H �G�H�S�H�Q�G�H�Q�W�� �D�Q�G ���L�L�� �W�H�V�W�L�Q�J �Z�K�H�W�K�H�U �W�K�H�\ �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W�� �+�R�Z�H�Y�H�U��
�W�K�H �G�L�V�W�L�Q�F�W�L�R�Q �L�V �Q�R�W �V�W�U�L�F�W�� �)�R�U �L�Q�V�W�D�Q�F�H�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �F�D�Q �D�O�V�R �E�H �X�V�H�G �I�R�U �W�H�V�W�L�Q�J
�L�Q�G�H�S�H�Q�G�H�Q�F�H�� �,�W �F�D�Q�Q�R�W�� �K�R�Z�H�Y�H�U�� �E�H �X�V�H�G �R�Q �Y�H�F�W�R�U�V �R�U �P�L�[�H�G���W�\�S�H �Y�D�U�L�D�E�O�H�V ���V�H�H �6�H�F�W�L�R�Q

����
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���������� �L�Q �W�K�L�V �F�D�V�H�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�Q �E�H �X�V�H�G �I�R�U �W�K�H �I�L�U�V�W �R�E�M�H�F�W�L�Y�H �L�Q�V�W�H�D�G ���D�O�W�K�R�X�J�K �Z�L�W�K
�V�R�P�H �F�D�Y�H�D�W�V �D�V �G�L�V�F�X�V�V�H�G �E�H�O�R�Z����

�)�L�J�X�U�H ���������7�K�L�V �I�L�J�X�U�H �S�O�R�W�V �W�K�H �V�X�U�I�D�F�H�V �R�I �W�K�H �V�T�X�D�U�H �U�R�R�W �F�R�S�X�O�D �G�H�Q�V�L�W�\
p

c(u; v) �L�Q �E�O�X�H �D�Q�G
�W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D �G�H�Q�V�L�W�\ �L�Q �U�H�G�� �Z�K�L�F�K �H�T�X�D�O�V1 �I�R�U �D�O�Ou; v 2 [0; 1]�� �I�R�U �W�Z�R �F�R�Q�W�L�Q�X�R�X�V
�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V(X; Y )�� �,�Q �W�K�H �O�H�I�W �S�D�Q�H�O��c(u; v) �L�V �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D �G�H�Q�V�L�W�\�� �V�R �W�K�H
�W�Z�R �V�X�U�I�D�F�H�V �R�Y�H�U�O�D�S �D�Q�G �W�K�H �J�D�S �E�H�W�Z�H�H�Q �W�K�H�P �L�V0�� �,�Q �F�R�Q�W�U�D�V�W�� �L�Q �W�K�H �U�L�J�K�W �S�D�Q�H�O��c(u; v) �L�V
�W�K�H �&�O�D�\�W�R�Q �F�R�S�X�O�D �G�H�Q�V�L�W�\ ���E�O�X�H �V�X�U�I�D�F�H���� �Z�K�L�O�H �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D �G�H�Q�V�L�W�\c(u; v) = 1 �L�V
�V�K�R�Z�Q �E�\ �W�K�H �U�H�G �V�X�U�I�D�F�H�� �7�K�H �J�U�H�H�Q �V�K�D�G�H�G �Y�R�O�X�P�H �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �V�X�U�I�D�F�H�V �L�O�O�X�V�W�U�D�W�H�V �W�K�H
�G�L�V�F�U�H�S�D�Q�F�\ �F�D�S�W�X�U�H�G �E�\ �W�K�H �V�T�X�D�U�H�G �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�H�� �0�R�U�H �S�U�H�F�L�V�H�O�\��2H 2(X; Y ) �L�V �J�L�Y�H�Q �E�\
�W�K�H �L�Q�W�H�J�U�D�W�H�G �V�T�X�D�U�H�G �J�D�S �E�H�W�Z�H�H�Q

p
c(u; v) �D�Q�G1 �R�Y�H�U �W�K�H �X�Q�L�W �V�T�X�D�U�H�� �D�V �V�W�D�W�H�G �L�Q �(�T�X�D�W�L�R�Q

������������

�������� �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q

�,�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �R�Q�H �L�V �R�I�W�H�Q �L�Q�W�H�U�H�V�W�H�G �L�Q �F�R�P�S�D�U�L�Q�J �W�K�H �V�W�U�H�Q�J�W�K �R�I �G�H�S�H�Q�G�H�Q�F�H �D�F�U�R�V�V
�G�L�I�I�H�U�H�Q�W �S�D�L�U�V �R�I �F�R�Q�W�L�Q�X�R�X�V �Y�D�U�L�D�E�O�H�V �D�U�L�V�L�Q�J �Z�L�W�K�L�Q �W�K�H �V�D�P�H �S�R�U�W�I�R�O�L�R �R�U �P�R�G�H�O�� �V�X�F�K �D�V �O�R�V�V�H�V
�I�U�R�P �W�Z�R �O�L�Q�H�V �R�I �E�X�V�L�Q�H�V�V �R�U �G�L�I�I�H�U�H�Q�W �F�O�D�L�P �F�R�P�S�R�Q�H�Q�W�V �L�Q �D �P�X�O�W�L�Y�D�U�L�D�W�H �O�R�V�V �V�H�W�W�L�Q�J�� �6�L�Q�F�H
�W�K�H�V�H �T�X�D�Q�W�L�W�L�H�V �D�U�H �R�I�W�H�Q �P�H�D�V�X�U�H�G �R�Q �G�L�I�I�H�U�H�Q�W �V�F�D�O�H�V �D�Q�G �P�D�\ �E�H �W�U�D�Q�V�I�R�U�P�H�G �G�X�U�L�Q�J �S�U�H�S�U�R��
�F�H�V�V�L�Q�J�� �L�W �L�V �X�V�H�I�X�O �W�R �H�P�S�O�R�\ �D �G�H�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H �W�K�D�W �I�R�F�X�V�H�V �G�L�U�H�F�W�O�\ �R�Q �W�K�H �X�Q�G�H�U�O�\�L�Q�J
�G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �U�D�W�K�H�U �W�K�D�Q �R�Q �W�K�H �P�D�U�J�L�Q�D�O �V�F�D�O�H�V�� �7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q ���*�H�H�Q�H�Q�V
�	 �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[�� ���������� �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �D�S�S�H�D�O�L�Q�J �L�Q �W�K�L�V �F�R�Q�W�H�[�W�� �D�V �L�W �L�V �F�R�S�X�O�D���E�D�V�H�G �D�Q�G
�W�K�H�U�H�I�R�U�H �P�D�U�J�L�Q���I�U�H�H �L�Q �W�K�H �F�R�Q�W�L�Q�X�R�X�V �F�D�V�H�� �V�H�H �D�O�V�R �I�R�R�W�Q�R�W�H �� �D�E�R�Y�H��

���������� �'�H�I�L�Q�L�W�L�R�Q

�7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q ���*�H�H�Q�H�Q�V �	 �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[�� ���������� �L�V �G�H�V�L�J�Q�H�G �W�R �P�H�D�V�X�U�H �G�H��
�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �)�R�U �D �V�W�D�W�L�V�W�L�F �W�R �E�H �D �P�H�D�Q�L�Q�J�I�X�O �G�H��
�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H�� �5�p�Q�\�L ������������ �S�U�R�S�R�V�H�G �V�H�Y�H�U�D�O �G�H�V�L�U�D�E�O�H �S�U�R�S�H�U�W�L�H�V�� �0�R�V�W �L�P�S�R�U�W�D�Q�W�O�\��
�L�W �V�K�R�X�O�G �E�H �P�D�U�J�L�Q���I�U�H�H�� �P�H�D�Q�L�Q�J �W�K�D�W �V�W�U�L�F�W�O�\ �P�R�Q�R�W�R�Q�L�F �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �R�I �W�K�H �U�D�Q�G�R�P �Y�D�U�L��
�D�E�O�H�V �G�R �Q�R�W �D�I�I�H�F�W �L�W�V �Y�D�O�X�H�� �,�W �V�K�R�X�O�G �D�O�V�R �D�W�W�D�L�Q �W�K�H �Y�D�O�X�H �³���´ �X�Q�G�H�U �S�H�U�I�H�F�W �G�H�S�H�Q�G�H�Q�F�H ���W�K�H
�Q�R�W�L�R�Q �R�I �³�S�H�U�I�H�F�W �G�H�S�H�Q�G�H�Q�F�H�´ �L�V �I�X�U�W�K�H�U �G�L�V�F�X�V�V�H�G �L�Q �$�S�S�H�Q�G�L�[ �&���� �0�R�W�L�Y�D�W�H�G �E�\ �W�K�H�V�H �U�H�T�X�L�U�H��
�P�H�Q�W�V�� �*�H�H�Q�H�Q�V �D�Q�G �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[ ������������ �S�U�R�S�R�V�H�G �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �%�H�L�Q�J

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�F�R�S�X�O�D���E�D�V�H�G�� �L�W �G�H�S�H�Q�G�V �R�Q�O�\ �R�Q �W�K�H�F�R�S�X�O�D�R�I(X; Y ) �D�Q�G �L�V �W�K�H�U�H�I�R�U�H �L�Q�Y�D�U�L�D�Q�W �X�Q�G�H�U �V�W�U�L�F�W�O�\
�P�R�Q�R�W�R�Q�L�F �P�D�U�J�L�Q�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �L�Q �W�K�H �F�R�Q�W�L�Q�X�R�X�V �F�D�V�H��

�7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �F�R�Q�V�W�U�X�F�W�H�G �I�U�R�P �W�K�H �V�T�X�D�U�H�G �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�HH 2(X; Y ) �E�H��
�W�Z�H�H�Q �W�K�H �M�R�L�Q�W �P�H�D�V�X�U�HPXY �D�Q�G �W�K�H �S�U�R�G�X�F�W �P�H�D�V�X�U�HPX � PY �� �)�R�UX; Y 2 R �Z�L�W�K �F�R�S�X�O�D
�G�H�Q�V�L�W�\�� c(u; v)�� �W�K�H �V�T�X�D�U�H�G �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�H �L�V �J�L�Y�H�Q �E�\

H 2(X; Y ) =
1
2

ZZ

[0;1]� [0;1]

� p
c(u; v) � 1

� 2
du dv: ����������

�8�Q�G�H�U �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �W�K�H �F�R�S�X�O�D �G�H�Q�V�L�W�\ �L�V �H�T�X�D�O �W�R1�� �V�RH 2(X; Y ) = 0 �� �0�R�U�H �J�H�Q�H�U�D�O�O�\��
H 2(X; Y ) �T�X�D�Q�W�L�I�L�H�V �K�R�Z �I�D�U �W�K�H �V�T�X�D�U�H �U�R�R�W �R�I �W�K�H �F�R�S�X�O�D �G�H�Q�V�L�W�\ �G�H�S�D�U�W�V �I�U�R�P �W�K�H �L�Q�G�H�S�H�Q��
�G�H�Q�F�H �F�R�S�X�O�D �G�H�Q�V�L�W�\��

�7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q� (X; Y ) �L�V �W�K�H�Q �G�H�I�L�Q�H�G �D�V �D �Q�R�U�P�D�O�L�V�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �+�H�O�O�L�Q�J�H�U
�G�L�V�W�D�Q�F�H��

� (X; Y ) =

 
2

�
1 � H 2(X; Y )

� 2

! q �
1 � H 2(X; Y )

� 4 +
p

4 � 3H 2(X; Y ) � 2: ����������

�7�K�L�V �Q�R�U�P�D�O�L�V�D�W�L�R�Q �F�D�O�L�E�U�D�W�H�V �W�K�H �P�H�D�V�X�U�H �V�R �W�K�D�W �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H
�D�E�V�R�O�X�W�H �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Qj� j �Z�K�H�Q(X; Y ) �I�R�O�O�R�Z�V �D �E�L�Y�D�U�L�D�W�H �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q�� �+�H�Q�F�H���
�F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �R�Q �D �I�D�P�L�O�L�D�U �F�R�U�U�H�O�D�W�L�R�Q���O�L�N�H �V�F�D�O�H�� �Z�K�L�O�H �U�H�P�D�L�Q�L�Q�J �F�R�S�X�O�D���E�D�V�H�G �D�Q�G �W�K�H�U�H��
�I�R�U�H �P�D�U�J�L�Q���I�U�H�H�� �'�H�W�D�L�O�V �R�I �W�K�H �H�P�S�L�U�L�F�D�O �H�V�W�L�P�D�W�R�U �D�U�H �G�H�I�H�U�U�H�G �W�R �$�S�S�H�Q�G�L�[ �(������

�)�L�J�X�U�H ������ �S�U�R�Y�L�G�H�V �D�Q �L�Q�W�X�L�W�L�Y�H �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �V�T�X�D�U�H�G �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�H �E�\ �S�O�R�W�W�L�Q�J �W�K�H
�V�X�U�I�D�F�H�V �R�I �W�K�H �V�T�X�D�U�H �U�R�R�W �F�R�S�X�O�D �G�H�Q�V�L�W�\��

p
c(u; v)�� �D�Q�G �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D �G�H�Q�V�L�W�\��

�Z�K�L�F�K �L�V �H�T�X�D�O �W�R1�� �X�Q�G�H�U �W�Z�R �V�F�H�Q�D�U�L�R�V�� �,�Q �W�K�H �I�L�U�V�W �V�F�H�Q�D�U�L�R��c(u; v) �L�V �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H
�F�R�S�X�O�D �G�H�Q�V�L�W�\�� �V�R �W�K�H �W�Z�R �V�X�U�I�D�F�H�V �R�Y�H�U�O�D�S �D�Q�G �W�K�H �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�H �L�V �H�T�X�D�O �W�R ���� �,�Q �W�K�H
�V�H�F�R�Q�G �V�F�H�Q�D�U�L�R��c(u; v) �L�V �W�D�N�H�Q �W�R �E�H �W�K�H �&�O�D�\�W�R�Q �F�R�S�X�O�D �G�H�Q�V�L�W�\

c(u; v) = ( � + 1)( uv) � � � 1
�

u� � + v� � � 1
� � (2� +1)/ �

����������

�Z�L�W�K� = 5 �� �,�Q �W�K�L�V �F�D�V�H�� �W�K�H �F�R�S�X�O�D �H�[�K�L�E�L�W�V �G�H�S�H�Q�G�H�Q�F�H �D�Q�G �W�K�H�U�H�I�R�U�H �G�L�I�I�H�U�V �I�U�R�P �W�K�H �L�Q�G�H��
�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D�� �7�K�H �V�T�X�D�U�H�G �+�H�O�O�L�Q�J�H�U �G�L�V�W�D�Q�F�H �W�K�H�Q �T�X�D�Q�W�L�I�L�H�V �W�K�H �G�L�V�F�U�H�S�D�Q�F�\ �E�H�W�Z�H�H�Q �W�K�H
�W�Z�R �V�X�U�I�D�F�H�V �R�Y�H�U �W�K�H �X�Q�L�W �V�T�X�D�U�H ���W�K�H �J�U�H�H�Q �Y�R�O�X�P�H����

�7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �V�D�W�L�V�I�L�H�V �V�H�Y�H�U�D�O �G�H�V�L�U�D�E�O�H �S�U�R�S�H�U�W�L�H�V�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �I�R�U �W�Z�R �X�Q�L�Y�D�U�L��
�D�W�H �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�VX �D�Q�GY �� �L�W �F�K�D�U�D�F�W�H�U�L�V�H�V �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �W�K�D�W �L�V��

� (X; Y ) = 0 () X �D�Q�GY �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W�� ����������

�0�R�U�H�R�Y�H�U��
0 � � (X; Y ) � 1; ����������

�V�R �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �S�O�D�F�H�V �S�D�L�U�Z�L�V�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K�V �R�Q �D �F�R�P�P�R�Q ���F�R�P�S�D�U�D�E�O�H��
�V�F�D�O�H�� �$�V �G�L�V�F�X�V�V�H�G �D�E�R�Y�H�� �L�W �U�H�D�F�K�H�V �� �R�Q�O�\ �X�Q�G�H�U �S�H�U�I�H�F�W �G�H�S�H�Q�G�H�Q�F�H ���L���H���� �Z�K�H�QX �D�Q�GY
�F�D�Q �E�H �³�J�H�Q�H�U�D�W�H�G�´ �E�\ �D�V�L�Q�J�O�H�X�Q�L�I�R�U�P �U�D�Q�G�R�P �Y�D�U�L�D�E�O�HU���� �D�Q�G �L�W�V �Y�D�O�X�H �U�H�P�D�L�Q�V �X�Q�F�K�D�Q�J�H�G
�X�Q�G�H�U �U�H�V�F�D�O�L�Q�J �R�U �V�W�U�L�F�W�O�\ �P�R�Q�R�W�R�Q�L�F �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �R�I �W�K�H �P�D�U�J�L�Q�D�O�V�� �V�X�F�K �D�V �W�K�H �O�R�J�D�U�L�W�K�P�L�F
�W�U�D�Q�V�I�R�U�P ���R�I�W�H�Q �X�V�H�G �L�Q �D�F�W�X�D�U�L�D�O �Z�R�U�N�I�O�R�Z�V���� �$�Q�R�W�K�H�U �D�G�Y�D�Q�W�D�J�H �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q
�L�V �W�K�D�W�� �V�L�Q�F�H �L�W �L�V �I�R�U�P�X�O�D�W�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �F�R�S�X�O�D�� �L�W �G�R�H�V �Q�R�W �U�H�T�X�L�U�H �V�S�H�F�L�I�L�F �P�R�P�H�Q�W�V �W�R
�E�H �I�L�Q�L�W�H���� �7�K�L�V �L�V �P�D�L�Q�O�\ �D �W�K�H�R�U�H�W�L�F�D�O �D�G�Y�D�Q�W�D�J�H�� �D�V �L�W �H�Q�V�X�U�H�V �W�K�D�W �W�K�H �P�H�D�V�X�U�H �U�H�P�D�L�Q�V �Z�H�O�O

�� �5�H�F�D�O�O �W�K�D�W �W�K�H �M�R�L�Q�W �G�H�Q�V�L�W�\ �R�I �W�Z�R �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�VX �D�Q�GY �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�Vf (x; y ) =
c(F (x); G(y)) f (x)g(y)�� �Z�K�H�U�HF (x) � u �D�Q�GG(y) � v �D�U�H �W�K�H �U�D�Q�N�V�� �7�K�L�V �L�O�O�X�V�W�U�D�W�H�V �Z�H�O�O �K�R�Z �I�R�F�X�V�L�Q�J �R�Qc(u; v)
�W�D�N�H�V �W�K�H �P�D�U�J�L�Q�V ��f (x) �D�Q�Gg(y)�� �µ�R�X�W �R�I �W�K�H �H�T�X�D�W�L�R�Q�¶��

�� �5�H�P�H�P�E�H�U �W�K�D�W �3�H�D�U�V�R�Q�¶�V �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �U�H�T�X�L�U�H�V �W�K�H �I�L�U�V�W �W�Z�R �P�R�P�H�Q�W�V �R�I �E�R�W�K �G�L�V�W�U�L�E�X�W�L�R�Q�V �W�R �E�H �I�L�Q�L�W�H
�W�R �H�[�L�V�W��

����
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�G�H�I�L�Q�H�G �H�Y�H�Q �L�Q �K�H�D�Y�\���W�D�L�O�H�G �V�H�W�W�L�Q�J�V�� �,�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q�� �Z�H �S�U�R�Y�L�G�H �L�O�O�X�V�W�U�D�W�L�R�Q�V �R�Q �W�K�H �X�V�H �R�I
�W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q��

���������� �,�O�O�X�V�W�U�D�W�L�R�Q�V

�:�H �L�O�O�X�V�W�U�D�W�H �E�R�W�K �W�K�H �H�V�W�L�P�D�W�L�R�Q �D�Q�G �W�H�V�W�L�Q�J �D�V�S�H�F�W�V �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �X�V�L�Q�J �W�K�H�_
�S�D�F�N�D�J�H�>�2�H�H�*�Q�`���*�H�H�Q�H�Q�V �	 �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[�� ������������ �)�R�U �W�Z�R �X�Q�L�Y�D�U�L�D�W�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V
X; Y 2 R�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �V�H�U�Y�H�V �Q�R�W �R�Q�O�\ �D�V �D �P�H�D�V�X�U�H �R�I �G�H�S�H�Q�G�H�Q�F�H�� �E�X�W �D�O�V�R �D�V �D
�W�H�V�W �V�W�D�W�L�V�W�L�F �I�R�U

H0 : X ? Y;

H1 : X 6?Y:
����������

�7�K�H �D�V�V�R�F�L�D�W�H�G �W�H�V�W �D�S�S�U�R�[�L�P�D�W�H�V �W�K�H �Q�X�O�O �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H �H�P�S�L�U�L�F�D�O �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �E�\
�0�R�Q�W�H �&�D�U�O�R �V�L�P�X�O�D�W�L�R�Q �I�U�R�P �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �F�R�S�X�O�D�� �G�H�W�D�L�O�V �D�U�H �S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[ �(������
�,�Q �S�U�D�F�W�L�F�H�� �W�K�H �S�U�R�F�H�G�X�U�H �L�V �I�X�O�O�\ �G�D�W�D���G�U�L�Y�H�Q �D�Q�G �K�D�V �E�H�H�Q �L�P�S�O�H�P�H�Q�W�H�G �H�I�I�L�F�L�H�Q�W�O�\ �L�Q�>�2�H�H�*�Q�`��
�D�O�W�K�R�X�J�K �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �L�Q�F�U�H�D�V�H�V �Z�L�W�K �W�K�H �V�D�P�S�O�H �V�L�]�H�� �%�R�W�K �W�K�H �H�V�W�L�P�D�W�H �D�Q�G �L�W�V
�D�V�V�R�F�L�D�W�H�Gp���Y�D�O�X�H �F�D�Q �E�H �R�E�W�D�L�Q�H�G �Z�L�W�K�>�2�H�H�*�Q�`�,�,�>�2�H�H�*�Q�`�� �Z�L�W�K �W�K�H �R�S�W�L�R�Q�T�p���H�X�+�Q�K�T �4 �h�_�l�1
�X�V�H�G �W�R �F�R�P�S�X�W�H �W�K�H �O�D�W�W�H�U�� �%�H�O�R�Z�� �Z�H �L�O�O�X�V�W�U�D�W�H �W�K�L�V �S�U�R�F�H�G�X�U�H �X�V�L�Q�J �W�K�H �H�[�D�P�S�O�H �L�Q�W�U�R�G�X�F�H�G �L�Q
�6�H�F�W�L�R�Q ����

�%�L�U�W�K�±�G�H�D�W�K�:�H �I�L�U�V�W �U�H�Y�L�V�L�W �W�K�H �E�L�U�W�K �D�Q�G �G�H�D�W�K �U�D�W�H �H�[�D�P�S�O�H �V�K�R�Z�Q �L�Q �)�L�J�X�U�H �������� �$�V �G�L�V��
�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q ���� �W�K�H �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �E�H�W�Z�H�H�Q �E�L�U�W�K �U�D�W�H �D�Q�G �G�H�D�W�K �U�D�W�H �L�V
�Q�R�W �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�L�J�Q�L�I�L�F�D�Q�W�� �,�Q �F�R�Q�W�U�D�V�W�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �U�H�Y�H�D�O�V �D �F�O�H�D�U �G�H�S�H�Q�G�H�Q�F�H
�V�W�U�X�F�W�X�U�H�� �,�Q �W�K�L�V �H�[�D�P�S�O�H�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �������������� �L�Q�G�L�F�D�W�L�Q�J �P�R�G�H�U�D�W�H �W�R �V�W�U�R�Q�J
�G�H�S�H�Q�G�H�Q�F�H�� �7�K�L�V �L�V �I�X�U�W�K�H�U �V�X�S�S�R�U�W�H�G �E�\ �W�K�H �K�\�S�R�W�K�H�V�L�V �W�H�V�W �L�Q �(�T�X�D�W�L�R�Q ������������ �Z�K�L�F�K �J�L�Y�H�V �Dp��
�Y�D�O�X�H �R�I �O�H�V�V �W�K�D�Q ���������� �O�H�D�G�L�Q�J �W�R �U�H�M�H�F�W�L�R�Q �R�I �W�K�H �Q�X�O�O �K�\�S�R�W�K�H�V�L�V �R�I �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �+�H�Q�F�H�� �W�K�H
�+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �D�E�O�H �W�R �G�H�W�H�F�W �W�K�H �Q�R�Q�O�L�Q�H�D�U �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �E�L�U�W�K �U�D�W�H �D�Q�G �G�H�D�W�K
�U�D�W�H �W�K�D�W �3�H�D�U�V�R�Q �F�R�U�U�H�O�D�W�L�R�Q �I�D�L�O�V �W�R �F�D�S�W�X�U�H��

�0�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �G�D�W�D�:�H �Q�H�[�W �U�H�W�X�U�Q �W�R �W�K�H �P�X�O�W�L���O�L�Q�H �H�[�D�P�S�O�H �L�Q �6�H�F�W�L�R�Q ���� �7�K�H�U�H�� �3�H�D�U��
�V�R�Q�¶�V �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �I�D�L�O�H�G �W�R �G�H�W�H�F�W �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �E�H�W�Z�H�H�Q �F�O�D�L�P�V �K�D�Q�G�O�L�Q�J
�F�R�V�W ��X 3�� �D�Q�G �P�H�G�L�F�D�O �F�O�D�L�P �F�R�V�W�V ��Y ���� �H�Y�H�Q �W�K�R�X�J�K �)�L�J�X�U�H ������ �G�L�V�S�O�D�\�V �D �F�O�H�D�U �³�F�U�R�V�V�´ �S�D�W�W�H�U�Q
�I�R�U(X 3; Y )�� �+�H�U�H �Z�H �D�S�S�O�\ �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �W�R �W�K�H �G�D�W�D�V�H�W �W�R �L�O�O�X�V�W�U�D�W�H �L�W�V �D�E�L�O�L�W�\ �W�R �G�H�W�H�F�W
�V�X�F�K �Q�R�Q���O�L�Q�H�D�U�� �Q�R�Q���F�R�P�R�Q�R�W�R�Q�L�F �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H�V��

�7�D�E�O�H ������ �U�H�S�R�U�W�V �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �P�D�W�U�L�[ �I�R�U �D�O�O �S�D�L�U�V �R�I �Y�D�U�L�D�E�O�H�V �L�Q �W�K�H �P�R�W�L�Y�D�W�L�Q�J
�H�[�D�P�S�O�H�� �)�R�F�X�V�L�Q�J �R�Q �W�K�H �F�U�R�V�V���O�L�Q�H �S�D�L�U�V(X i ; Y ) �I�R�Ui = 1 ; 2; 3�� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �W�K�H �+�H�O�O�L�Q�J�H�U
�F�R�U�U�H�O�D�W�L�R�Q �I�R�U(X 3; Y ) �L�V �F�O�R�V�H �W�R1�� �L�Q�G�L�F�D�W�L�Q�J �Y�H�U�\ �V�W�U�R�Q�J �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�V�H �S�D�L�U�V��
�7�K�L�V �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�H �D�E�L�O�L�W�\ �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �W�R �G�H�W�H�F�W �Q�R�Q���O�L�Q�H�D�U �D�Q�G �Q�R�Q���P�R�Q�R�W�R�Q�L�F
�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V��

� (X i ; Y ) X 1 X 2 X 3 Y
X 1 ������������ ������������ ������������ ������������
X 2 ������������ ������������ ������������ ������������
X 3 ������������ ������������ ������������ ������������
Y ������������ ������������ ������������ ������������

�7�D�E�O�H ���������+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �P�D�W�U�L�[ �I�R�U �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �G�D�W�D�� �7�K�H �S�D�L�U�Z�L�V�H �+�H�O�O�L�Q�J�H�U
�F�R�U�U�H�O�D�W�L�R�Q�V �D�U�H �D�O�O �F�O�R�V�H �W�R �]�H�U�R�� �H�[�F�H�S�W �I�R�U �W�K�H �S�D�L�U(X 3; Y )�� �Z�K�L�F�K �L�V �F�O�R�V�H �W�R ���� �V�X�J�J�H�V�W�L�Q�J �D
�V�W�U�R�Q�J �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�P�� �7�K�L�V �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �V�F�D�W�W�H�U�S�O�R�W�V �L�Q �)�L�J�X�U�H �������� �W�K�H�U�H
�L�V �Q�R �R�E�Y�L�R�X�V �S�D�W�W�H�U�Q �I�R�U �W�K�H �S�D�L�U�V(X 1; Y ) �D�Q�G(X 2; Y )�� �Z�K�H�U�H�D�V �W�K�H �S�D�L�U(X 3; Y ) �H�[�K�L�E�L�W�V �D �F�O�H�D�U
�F�U�R�V�V �S�D�W�W�H�U�Q��

����
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�+�R�Z�H�Y�H�U�� �D�V �Q�R�W�H�G �L�Q �6�H�F�W�L�R�Q ����X 1��X 2�� �D�Q�GY �D�U�H �Q�R�W �P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �D�V �V�K�R�Z�Q �L�Q
�)�L�J�X�U�H �������D�� �$�W �W�K�H �V�D�P�H �W�L�P�H�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �F�O�R�V�H �W�R �]�H�U�R �I�R�U �H�D�F�K �S�D�L�U �D�P�R�Q�J
�W�K�H�P�� �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�D�L�U�Z�L�V�H �W�H�V�W�V �D�O�V�R �I�D�L�O �W�R �U�H�M�H�F�W �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �7�K�L�V �L�V �Q�R�W �D �I�D�L�O��
�X�U�H �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �V�L�Q�F�H �W�K�H�V�H �S�D�L�U�V �D�U�H �F�R�Q�V�W�U�X�F�W�H�G �W�R �E�H �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W��
�5�D�W�K�H�U�� �L�W �S�R�L�Q�W�V �W�R �D�Q �L�P�S�R�U�W�D�Q�W �O�L�P�L�W�D�W�L�R�Q �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �L�W �L�V �G�H�V�L�J�Q�H�G �W�R �P�H�D��
�V�X�U�H �G�H�S�H�Q�G�H�Q�F�H �R�Q�O�\ �E�H�W�Z�H�H�Q �D �S�D�L�U �R�I �F�R�Q�W�L�Q�X�R�X�V �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �Q�R�W �E�H�W�Z�H�H�Q �U�D�Q�G�R�P
�Y�H�F�W�R�U�V �R�U �D�P�R�Q�J �P�R�U�H �W�K�D�Q �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �:�H �G�L�V�F�X�V�V �W�K�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H �+�H�O�O�L�Q�J�H�U
�F�R�U�U�H�O�D�W�L�R�Q �I�X�U�W�K�H�U �L�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q��

���������� �/�L�P�L�W�D�W�L�R�Q�V

�$ �S�U�D�F�W�L�F�D�O �O�L�P�L�W�D�W�L�R�Q �R�I �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �W�K�D�W �L�W �L�V �G�H�Y�H�O�R�S�H�G �I�R�U�X�Q�L�Y�D�U�L�D�W�H �F�R�Q�W�L�Q�X�R�X�V
�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �6�L�Q�F�H �W�K�H �P�D�U�J�L�Q���I�U�H�H �S�U�R�S�H�U�W�\ �U�H�O�L�H�V �R�Q �W�K�H �F�R�S�X�O�D �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�Q �W�K�H
�F�R�Q�W�L�Q�X�R�X�V �F�D�V�H�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �G�H�I�L�Q�H�G �D�E�R�Y�H �L�V �Q�D�W�X�U�D�O�O�\ �U�H�V�W�U�L�F�W�H�G �W�R �F�R�Q�W�L�Q�X�R�X�V
�P�D�U�J�L�Q�D�O�V�� �7�K�L�V �L�V �D�Q �L�P�S�R�U�W�D�Q�W �O�L�P�L�W�D�W�L�R�Q �L�Q �D�F�W�X�D�U�L�D�O �V�H�W�W�L�Q�J�V�� �Z�K�H�U�H �G�H�S�H�Q�G�H�Q�F�H �P�D�\ �L�Q�Y�R�O�Y�H
�G�L�V�F�U�H�W�H �Y�D�U�L�D�E�O�H�V �R�U �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �V�X�F�K �D�V �F�O�D�L�P �F�R�X�Q�W�V �L�Q �W�K�H �F�R�O�O�H�F�W�L�Y�H �U�L�V�N �P�R�G�H�O �I�U�D�P�H��
�Z�R�U�N�� �W�K�H �Q�X�P�E�H�U �R�I �V�X�G�G�H�Q �E�U�D�N�L�Q�J �H�Y�H�Q�W�V �L�Q �W�H�O�H�P�D�W�L�F�V �L�Q�V�X�U�D�Q�F�H�� �R�U �F�D�W�H�J�R�U�L�F�D�O �U�D�W�L�Q�J �I�D�F�W�R�U�V
���H���J���� �J�H�Q�G�H�U�� �R�F�F�X�S�D�W�L�R�Q�� �R�U �Y�H�K�L�F�O�H �W�\�S�H���� �Z�K�L�F�K �D�U�H �R�I�W�H�Q �U�H�S�U�H�V�H�Q�W�H�G �D�V �G�L�V�F�U�H�W�H �L�Q�G�L�F�D�W�R�U�V
�R�U �R�Q�H���K�R�W �H�Q�F�R�G�H�G �Y�H�F�W�R�U�V��

�,�W �L�V �D�O�V�R �L�P�S�R�U�W�D�Q�W �W�R �D�F�N�Q�R�Z�O�H�G�J�H �W�K�D�W�� �D�V �Q�R�W�H�G �E�\ �*�H�H�Q�H�Q�V �D�Q�G �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[
�������������� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �Q�R�W �S�U�L�P�D�U�L�O�\ �G�H�V�L�J�Q�H�G �D�V �D �W�H�V�W �V�W�D�W�L�V�W�L�F �I�R�U �L�Q�G�H�S�H�Q�G�H�Q�F�H��
�,�W�V �P�D�L�Q �U�R�O�H �L�V �W�R �T�X�D�Q�W�L�I�\ �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K�� �L�Q �D �Z�D�\ �W�K�D�W �P�D�N�H�V �L�W �F�R�P�S�D�U�D�E�O�H �D�F�U�R�V�V
�F�D�V�H�V ���L�Q�G�H�S�H�Q�G�H�Q�W�O�\ �R�I �W�K�H�L�U �P�D�U�J�L�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V���� �7�K�L�V �G�R�H�V �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\ �P�H�D�Q �W�K�D�W �L�W �L�V
�Q�R�W �S�R�Z�H�U�I�X�O �D�V �D �W�H�V�W �V�W�D�W�L�V�W�L�F �L�Q �S�U�D�F�W�L�F�H�� �L�W�V �S�R�Z�H�U �Z�L�O�O �G�H�S�H�Q�G �R�Q �W�K�H �X�Q�G�H�U�O�\�L�Q�J �G�H�S�H�Q�G�H�Q�F�H
�V�W�U�X�F�W�X�U�H �D�Q�G �W�K�H �V�D�P�S�O�H �V�L�]�H ���6�H�U�G�D�U �H�W �D�O���� ������������ �6�L�Q�F�H �P�H�D�V�X�U�L�Q�J �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K �D�Q�G
�W�H�V�W�L�Q�J �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�U�H �U�H�O�D�W�H�G �E�X�W �G�L�V�W�L�Q�F�W �R�E�M�H�F�W�L�Y�H�V�� �L�W �L�V �Q�D�W�X�U�D�O �W�R �D�O�V�R �F�R�Q�V�L�G�H�U �V�W�D�W�L�V�W�L�F�V
�W�K�D�W �D�U�H �S�D�U�W�L�F�X�O�D�U�O�\ �V�X�L�W�H�G �I�R�U �W�K�H �O�D�W�W�H�U �S�X�U�S�R�V�H�� �7�K�L�V �O�H�D�G�V �W�R �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�Q �W�K�H �Q�H�[�W
�V�H�F�W�L�R�Q�� �Z�K�L�F�K �L�V �H�V�S�H�F�L�D�O�O�\ �F�R�Q�Y�H�Q�L�H�Q�W �I�R�U �L�Q�G�H�S�H�Q�G�H�Q�F�H �W�H�V�W�L�Q�J �D�Q�G�� �L�Q �D�G�G�L�W�L�R�Q�� �D�S�S�O�L�H�V �W�R
�U�D�Q�G�R�P �Y�H�F�W�R�U�V �R�I �D�Q�\ �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �W�\�S�H�V��

�������� �'�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H

�$�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q �������� �G�H�W�H�F�W�L�Q�J �D�V�V�R�F�L�D�W�L�R�Q �E�H�W�Z�H�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V �L�V �X�V�H�I�X�O �L�Q �P�D�Q�\
�D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �V�L�Q�F�H �W�K�H �U�H�O�H�Y�D�Q�W �R�E�M�H�F�W�V �D�U�H �R�I�W�H�Q �Q�D�W�X�U�D�O�O�\ �P�X�O�W�L�Y�D�U�L�D�W�H�� �(�[�D�P�S�O�H�V
�L�Q�F�O�X�G�H �U�L�V�N �D�J�J�U�H�J�D�W�L�R�Q �I�R�U �F�D�S�L�W�D�O �D�Q�G �V�R�O�Y�H�Q�F�\ �S�X�U�S�R�V�H�V�� �U�H�V�H�U�Y�L�Q�J �D�F�U�R�V�V �P�X�O�W�L�S�O�H �O�L�Q�H�V �R�I
�E�X�V�L�Q�H�V�V�� �D�Q�G �I�D�L�U�Q�H�V�V �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �L�Q �L�Q�V�X�U�D�Q�F�H �S�U�L�F�L�Q�J �Z�L�W�K �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J �D�O�J�R�U�L�W�K�P�V��
�Z�K�H�U�H �F�D�W�H�J�R�U�L�F�D�O �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V �P�D�\ �E�H �R�Q�H���K�R�W �H�Q�F�R�G�H�G �L�Q�W�R �D �U�D�Q�G�R�P �Y�H�F�W�R�U ���&�D�L �H�W �D�O����
���������� �*�U�D�U�L �H�W �D�O���� ���������� �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �$�V�V�R�F�L�D�W�L�R�Q �R�I �,�Q�V�X�U�D�Q�F�H �6�X�S�H�U�Y�L�V�R�U�V�� ���������� �.�H�D�U�Q�V �H�W
�D�O���� ���������� �+�� �0�� �/�H�H �H�W �D�O���� ���������� �6�K�L�� ������������ �)�R�U �W�K�L�V �U�H�D�V�R�Q�� �Z�H �L�Q�W�U�R�G�X�F�H �D�Q�R�W�K�H�U �G�L�V�W�D�Q�F�H��
�E�D�V�H�G �G�H�S�H�Q�G�H�Q�F�H �V�W�D�W�L�V�W�L�F�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �Z�K�L�F�K �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �X�V�H�I�X�O �Z�K�H�Q �W�K�H �R�E�M�H�F�W�V
�R�I �L�Q�W�H�U�H�V�W �I�R�U �G�H�S�H�Q�G�H�Q�F�H �D�Q�D�O�\�V�L�V �D�U�H �U�D�Q�G�R�P �Y�H�F�W�R�U�V��

���������� �'�H�I�L�Q�L�W�L�R�Q

�'�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���6�]�p�N�H�O�\ �H�W �D�O���� ���������� �S�U�R�Y�L�G�H�V �D �X�V�H�I�X�O �W�R�R�O �I�R�U �W�H�V�W�L�Q�J �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�F�H
�E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V���Y�H�F�W�R�U�V�� �)�R�U �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �R�U �U�D�Q�G�R�P �Y�H�F�W�R�U�VX �D�Q�G
Y �R�I �D�U�E�L�W�U�D�U�\ �G�L�P�H�Q�V�L�R�Q �D�Q�G �R�I �Y�D�U�L�R�X�V �W�\�S�H�V ���H���J�� �F�R�Q�W�L�Q�X�R�X�V�� �G�L�V�F�U�H�W�H�� �R�U �R�Q�H���K�R�W �H�Q�F�R�G�H�G
�F�D�W�H�J�R�U�L�F�D�O���� �R�Q�H �F�D�Q �T�X�D�Q�W�L�I�\ �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�L�U �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q' XY �D�Q�G
�W�K�H �S�U�R�G�X�F�W �R�I �W�K�H�L�U �P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V' X ' Y �Y�L�D �W�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P�X�O�D

k' XY (s; t ) � ' X (s)' Y (t )k2
w =

Z

Rp+ q
j' XY (s; t ) � ' X (s)' Y (t )j2 w(s; t ) ds dt ; ����������

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�X�V�L�Q�J �D �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Qw(�; �) �W�R �H�Q�V�X�U�H �W�K�D�W �W�K�H �L�Q�W�H�J�U�D�O �L�V �I�L�Q�L�W�H�� �7�K�L�Q�N �R�I �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�I�X�Q�F�W�L�R�Q �D�V �R�Q�H �X�Q�L�T�X�H �Z�D�\ �R�I �V�S�H�F�L�I�\�L�Q�J �D �G�L�V�W�U�L�E�X�W�L�R�Q ���V�L�P�L�O�D�U �W�R �P�R�P�H�Q�W���J�H�Q�H�U�D�W�L�Q�J �I�X�Q�F��
�W�L�R�Q�V�� �Z�K�L�F�K �V�D�W�L�V�I�L�H�V' XY = ' X ' Y �L�I �D�Q�G �R�Q�O�\ �L�IX �D�Q�GY �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W�� �I�X�U�W�K�H�U �G�H�W�D�L�O�V �R�Q
�F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V �D�U�H �S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[ �)������ �$�O�W�K�R�X�J�K �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �G�H�I�L�Q�H�G
�W�K�U�R�X�J�K �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V�� �L�Q �S�U�D�F�W�L�F�H �W�K�H �V�D�P�S�O�H �H�V�W�L�P�D�W�R�U �L�V �Q�R�W �R�E�W�D�L�Q�H�G �E�\ �Q�X�P�H�U�L�F�D�O�O�\
�H�Y�D�O�X�D�W�L�Q�J �W�K�H �L�Q�W�H�J�U�D�O �L�Q ���������� �G�L�U�H�F�W�O�\�� �,�Q�V�W�H�D�G�� �V�W�D�Q�G�D�U�G �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �X�V�H �D�Q �H�T�X�L�Y�D�O�H�Q�W
�I�R�U�P�X�O�D�W�L�R�Q �E�D�V�H�G �R�Q �S�D�L�U�Z�L�V�H �(�X�F�O�L�G�H�D�Q �G�L�V�W�D�Q�F�H �P�D�W�U�L�F�H�V�� �Z�K�L�F�K �O�H�D�G�V �W�R �D �S�U�D�F�W�L�F�D�O �D�Q�G �U�H�D�G��
�L�O�\ �F�R�P�S�X�W�D�E�O�H �H�V�W�L�P�D�W�R�U�� �V�H�H �$�S�S�H�Q�G�L�[ �)���� �I�R�U �G�H�W�D�L�O�V�� �6�H�Y�H�U�D�O �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q�V �K�D�Y�H �E�H�H�Q
�F�R�Q�V�L�G�H�U�H�G�� �)�R�U �L�Q�V�W�D�Q�F�H�� �%�L�O�R�G�H�D�X �D�Q�G �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[ �������������� �X�Q�G�H�U �W�K�H �D�V�V�X�P�S�W�L�R�Q �R�I
�*�D�X�V�V�L�D�Q �P�D�U�J�L�Q�D�O�V�� �X�V�H�G �D �*�D�X�V�V�L�D�Q �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q �D�Q�G �S�U�R�S�R�V�H�G �D �V�H�P�L���S�D�U�D�P�H�W�U�L�F �W�H�V�W �R�I
�L�Q�G�H�S�H�Q�G�H�Q�F�H ���R�U �V�H�U�L�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �E�H�W�Z�H�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �H�[�W�H�Q�G�L�Q�J �H�D�U�O�L�H�U �U�H�V�X�O�W�V �R�I
�'�H�K�H�X�Y�H�O�V ������������ �D�Q�G �)�H�X�H�U�Y�H�U�J�H�U �������������� �6�]�p�N�H�O�\ �H�W �D�O�� ������������ �D�G�D�S�W�H�G �W�K�H�V�H �L�G�H�D�V �W�R �W�K�H
�Q�R�Q���V�H�U�L�D�O �V�H�W�W�L�Q�J �E�\ �X�V�L�Q�J �D �V�S�H�F�L�D�O �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q�� �D�Q�G �6�]�p�N�H�O�\ �D�Q�G �5�L�]�]�R ������������ �D�S�S�H�D�U �W�R
�V�X�J�J�H�V�W �W�K�D�W �W�K�L�V �Z�H�L�J�K�W �V�K�R�X�O�G �E�H �S�U�H�I�H�U�U�H�G�� �+�R�Z�H�Y�H�U�� �)�D�Q �H�W �D�O�� ������������ �V�W�X�G�L�H�G �D�O�W�H�U�Q�D�W�L�Y�H
�Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q�V �D�Q�G �D�U�J�X�H�G �W�K�D�W�� �L�Q �D �K�\�S�R�W�K�H�V�L�V �W�H�V�W�L�Q�J �F�R�Q�W�H�[�W�� �W�K�H �³�E�H�V�W�´ �F�K�R�L�F�H �R�I �Z�H�L�J�K�W
�G�H�S�H�Q�G�V �R�Q �W�K�H �D�O�W�H�U�Q�D�W�L�Y�H �G�L�V�W�U�L�E�X�W�L�R�Q�� �6�]�p�N�H�O�\ �H�W �D�O�� ������������ �G�H�Q�R�W�H�G ���������� �E�\dCov2(X ; Y ) �D�Q�G
�F�D�O�O�H�G �W�K�H �V�T�X�D�U�H �U�R�R�W �R�I �W�K�L�V �T�X�D�Q�W�L�W�\ �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �,�Q �W�K�L�V �S�D�S�H�U�� �Z�H �D�G�R�S�W �W�K�H �Z�H�L�J�K�W
�I�X�Q�F�W�L�R�Q �X�V�H�G �E�\ �6�]�p�N�H�O�\ �H�W �D�O�� �������������� �V�L�Q�F�H �L�W �L�V �W�K�H �V�W�D�Q�G�D�U�G �F�K�R�L�F�H �L�Q �W�K�H �O�L�W�H�U�D�W�X�U�H �D�Q�G �L�V �D�O�V�R
�W�K�H �R�Q�H �L�P�S�O�H�P�H�Q�W�H�G �L�Q �F�R�P�P�R�Q�O�\ �X�V�H�G�_�S�D�F�N�D�J�H�V�� �$�J�D�L�Q�� �G�H�W�D�L�O�V �R�I �W�K�L�V �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q �D�U�H
�S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[ �)������

�)�L�J�X�U�H ������ �G�L�V�S�O�D�\�V �W�K�H �U�H�D�O �S�D�U�W �R�I �W�K�H �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q �D�Q�G �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H
�P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V �I�R�U �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �Z�L�W�K �V�W�D�Q�G�D�U�G �*�D�X�V�V�L�D�Q �P�D�U�J�L�Q�D�O�V��
�8�Q�G�H�U �L�Q�G�H�S�H�Q�G�H�Q�F�H ���O�H�I�W �S�D�Q�H�O���� �W�K�H �W�Z�R �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V �F�R�L�Q�F�L�G�H�� �V�R �W�K�H�L�U �G�L�I�I�H�U�H�Q�F�H
�L�V �]�H�U�R�� �U�H�V�X�O�W�L�Q�J �L�Q �]�H�U�R �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �7�K�L�V �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q �R�I �G�L�V��
�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�V �D �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q �D�Q�G �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H
�P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V�� �D�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q �������� �,�Q �F�R�Q�W�U�D�V�W�� �Z�K�H�Q �W�K�H �W�Z�R �*�D�X�V��
�V�L�D�Q �P�D�U�J�L�Q�D�O�V �D�U�H �F�R�X�S�O�H�G �W�K�U�R�X�J�K �D �&�O�D�\�W�R�Q �F�R�S�X�O�D �Z�L�W�K �S�D�U�D�P�H�W�H�U� = 5 �� �D�V �L�Q �(�T�X�D�W�L�R�Q ����������
�D�Q�G �)�L�J�X�U�H �������� �W�K�H �Y�D�U�L�D�E�O�H�V �D�U�H �Q�R �O�R�Q�J�H�U �L�Q�G�H�S�H�Q�G�H�Q�W�� �D�Q�G �W�K�H �W�Z�R �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V �Q�R
�O�R�Q�J�H�U �F�R�L�Q�F�L�G�H�� �'�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�S�W�X�U�H�V �W�K�L�V �G�L�V�F�U�H�S�D�Q�F�\ �W�K�U�R�X�J�K �W�K�H �J�D�S �E�H�W�Z�H�H�Q �W�K�H
�W�Z�R �I�X�Q�F�W�L�R�Q�V�� �L�O�O�X�V�W�U�D�W�H�G �E�\ �W�K�H �V�K�D�G�H�G �D�U�H�D �L�Q �W�K�H �U�L�J�K�W �S�D�Q�H�O�� �,�Q �D�G�G�L�W�L�R�Q�� �6�]�p�N�H�O�\ �H�W �D�O�� ������������
�D�O�V�R �G�H�I�L�Q�H�G �D �V�W�D�Q�G�D�U�G�L�V�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �F�D�O�O�H�G �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q��
�Z�K�L�F�K �L�V �J�L�Y�H�Q �E�\

0 � dCor2(X ; Y ) =
dCov2(X ; Y )

p
dCov2(X ; X )dCov2(Y ; Y )

� 1; ����������

�E�X�W �F�R�Q�W�U�D�U�\ �W�R �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �Z�K�L�F�K �L�V �F�R�S�X�O�D���E�D�V�H�G ���D�Q�G �K�H�Q�F�H �P�D�U�J�L�Q���I�U�H�H���� �G�L�V��
�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �L�V �G�H�I�L�Q�H�G �G�L�U�H�F�W�O�\ �I�U�R�P �W�K�H �Y�D�U�L�D�E�O�H�V �U�D�W�K�H�U �W�K�D�Q �I�U�R�P �W�K�H�L�U �F�R�S�X�O�D�� �,�W�V �P�D�J��
�Q�L�W�X�G�H �W�K�H�U�H�I�R�U�H �G�R�H�V �Q�R�W �U�H�I�O�H�F�W �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �D�O�R�Q�H�� �D�Q�G �L�V �Q�R�W �L�Q�W�H�U�S�U�H�W�D�E�O�H �D�V �D
�P�H�D�V�X�U�H �R�I �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K�� �:�H �O�H�D�Y�H �W�K�H �G�H�W�D�L�O�H�G �G�H�I�L�Q�L�W�L�R�Q �D�Q�G �H�V�W�L�P�D�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H
�F�R�Y�D�U�L�D�Q�F�H �W�R �$�S�S�H�Q�G�L�F�H�V �)���� �D�Q�G �)������

�%�\ �T�X�D�Q�W�L�I�\�L�Q�J �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�Q �F�D�S��
�W�X�U�H �J�H�Q�H�U�D�O �I�R�U�P�V �R�I �D�V�V�R�F�L�D�W�L�R�Q�� �L�Q�F�O�X�G�L�Q�J �Q�R�Q���O�L�Q�H�D�U �D�Q�G �Q�R�Q���P�R�Q�R�W�R�Q�L�F �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q
�W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V���Y�H�F�W�R�U�V�� �7�K�L�V �L�V �D�Q �D�G�Y�D�Q�W�D�J�H �R�Y�H�U �W�K�H �D�V�V�R�F�L�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V �G�L�V�F�X�V�V�H�G
�L�Q �6�H�F�W�L�R�Q ���� �0�R�V�W �L�P�S�R�U�W�D�Q�W�O�\�� �W�K�L�V �F�K�D�U�D�F�W�H�U�L�V�H�V �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �W�K�D�W �L�V��

dCov2(X ; Y ) = 0 () X �D�Q�GY �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W�� ����������

�7�K�H �Q�R�W�L�R�Q �R�I �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V �Z�D�V �L�Q�W�U�R�G�X�F�H�G �L�Q �6�H�F�W�L�R�Q �������� �7�K�L�V
�S�U�R�S�H�U�W�\ �I�R�O�O�R�Z�V �I�U�R�P �W�K�H �I�D�F�W �W�K�D�WX �D�Q�GY �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W �L�I �D�Q�G �R�Q�O�\ �L�I �W�K�H�L�U �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�I�X�Q�F�W�L�R�Q �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H�L�U �P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V �D�V �H�[�S�O�D�L�Q�H�G �H�D�U�O�L�H�U��
�0�R�U�H�R�Y�H�U�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �G�H�I�L�Q�H�G �I�R�U �U�H�D�O���Y�D�O�X�H�G �U�D�Q�G�R�P �Y�H�F�W�R�U�V �R�I �D�U�E�L�W�U�D�U�\ �G�L�P�H�Q�V�L�R�Q��

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�)�L�J�X�U�H ���������7�K�L�V �I�L�J�X�U�H �F�R�P�S�D�U�H�V �W�K�H �U�H�D�O �S�D�U�W �R�I �W�K�H �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q ���E�O�X�H�� �D�Q�G �W�K�H
�U�H�D�O �S�D�U�W �R�I �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V ���U�H�G���� �Z�L�W�Kt �I�L�[�H�G �D�W ���� �I�R�U �W�Z�R
�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �Z�L�W�K �V�W�D�Q�G�D�U�G �*�D�X�V�V�L�D�Q �P�D�U�J�L�Q�D�O�V�� �7�K�H �O�H�I�W �S�D�Q�H�O �V�K�R�Z�V �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�W
�F�D�V�H�� �I�R�U �Z�K�L�F�K' XY (s;1) = ' X (s)' Y (1)�� �V�R �W�K�H �W�Z�R �F�X�U�Y�H�V �F�R�L�Q�F�L�G�H�� �7�K�H �U�L�J�K�W �S�D�Q�H�O �V�K�R�Z�V �W�K�H
�G�H�S�H�Q�G�H�Q�W �F�D�V�H�� �Z�K�H�U�H �W�K�H �*�D�X�V�V�L�D�Q �P�D�U�J�L�Q�D�O�V �D�U�H �F�R�X�S�O�H�G �W�K�U�R�X�J�K �W�K�H �V�D�P�H �&�O�D�\�W�R�Q �F�R�S�X�O�D
�Z�L�W�K �S�D�U�D�P�H�W�H�U� = 5 �D�V �L�Q ���������� �D�Q�G �)�L�J�X�U�H �������� �,�Q �W�K�L�V �F�D�V�H�� �W�K�H �M�R�L�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q
�Q�R �O�R�Q�J�H�U �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �P�D�U�J�L�Q�D�O�V�� �D�Q�G �W�K�H �V�K�D�G�H�G �U�H�J�L�R�Q �L�O�O�X�V�W�U�D�W�H�V �Z�K�D�W
�G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �G�H�V�L�J�Q�H�G �W�R �F�D�S�W�X�U�H�� �1�R�W�H �W�K�D�W �D �O�D�U�J�H�U �V�K�D�G�H�G �D�U�H�D �G�R�H�V �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\
�L�Q�G�L�F�D�W�H �V�W�U�R�Q�J�H�U �G�H�S�H�Q�G�H�Q�F�H�� �D�V �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �G�H�I�L�Q�H�G �G�L�U�H�F�W�O�\ �I�U�R�P �W�K�H �Y�D�U�L�D�E�O�H�V
�U�D�W�K�H�U �W�K�D�Q �I�U�R�P �W�K�H�L�U �F�R�S�X�O�D�� �V�R �L�W�V �P�D�J�Q�L�W�X�G�H �G�R�H�V �Q�R�W �U�H�I�O�H�F�W �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �D�O�R�Q�H��

�7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �X�V�H�I�X�O�� �V�L�Q�F�H �P�D�Q�\ �T�X�D�Q�W�L�W�L�H�V �R�I �L�Q�W�H�U�H�V�W �L�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V �D�U�H �Q�D�W�X�U�D�O�O�\
�P�X�O�W�L�Y�D�U�L�D�W�H�� �D�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q �������� �,�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q�� �Z�H �L�O�O�X�V�W�U�D�W�H �W�K�H �X�V�H �R�I �G�L�V�W�D�Q�F�H
�F�R�Y�D�U�L�D�Q�F�H �W�K�U�R�X�J�K �W�K�H �P�R�W�L�Y�D�W�L�Q�J �H�[�D�P�S�O�H�V �L�Q�W�U�R�G�X�F�H�G �H�D�U�O�L�H�U��

���������� �,�O�O�X�V�W�U�D�W�L�R�Q�V

�)�R�U �L�O�O�X�V�W�U�D�W�L�R�Q�� �Z�H �P�D�N�H �X�V�H �R�I �W�K�H�_�S�D�F�N�D�J�H�/�+�Q�p���+�D�Q�J�� ���������� �W�R �F�R�P�S�X�W�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L��
�D�Q�F�H �D�Q�G �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �W�K�H �I�X�Q�F�W�L�R�Q�V�/�+�Q�p�,�,�/�+�Q�p�D�Q�G�/�+�Q�p�,�,�/�+�Q�`�D�U�H �X�V�H�G
�W�R �F�R�P�S�X�W�H �W�K�H�V�H �V�W�D�W�L�V�W�L�F�V�� �Z�K�L�O�H�/�+�Q�p�,�,�/�+�Q�`�X�i�2�b�i�L�V �X�V�H�G �W�R �S�H�U�I�R�U�P �D �S�H�U�P�X�W�D�W�L�R�Q �W�H�V�W �E�D�V�H�G
�R�Q �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �X�Q�G�H�U �W�K�H �Q�X�O�O �K�\�S�R�W�K�H�V�L�V �L�Q �(�T�X�D�W�L�R�Q ������������ �,�Q �S�U�D�F�W�L�F�H�� �W�K�H �F�R�P�S�X�W�D��
�W�L�R�Q�D�O �F�R�V�W �L�Q�F�U�H�D�V�H�V �P�D�L�Q�O�\ �Z�L�W�K �W�K�H �V�D�P�S�O�H �V�L�]�H�� �D�Q�G �S�H�U�P�X�W�D�W�L�R�Q �W�H�V�W�L�Q�J �I�X�U�W�K�H�U �L�Q�F�U�H�D�V�H�V �W�K�H
�U�X�Q�W�L�P�H �E�H�F�D�X�V�H �W�K�H �V�W�D�W�L�V�W�L�F �P�X�V�W �E�H �U�H�F�R�P�S�X�W�H�G �R�Y�H�U �P�D�Q�\ �U�D�Q�G�R�P �S�H�U�P�X�W�D�W�L�R�Q�V �R�I �W�K�H �G�D�W�D��
�Z�L�W�K �W�K�H �Q�X�P�E�H�U �R�I �S�H�U�P�X�W�D�W�L�R�Q�V �V�S�H�F�L�I�L�H�G �E�\ �W�K�H �X�V�H�U�� �)�X�U�W�K�H�U �G�H�W�D�L�O�V �R�Q �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q
�D�Q�G �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �R�I �F�R�P�S�X�W�L�Q�J �W�K�H �V�W�D�W�L�V�W�L�F �D�Q�G �F�D�U�U�\�L�Q�J �R�X�W �W�K�H �S�H�U�P�X�W�D�W�L�R�Q �W�H�V�W �D�U�H
�S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[ �)������

�%�L�U�W�K�±�'�H�D�W�K�:�H �D�J�D�L�Q �F�R�Q�V�L�G�H�U �W�K�H �E�L�U�W�K �U�D�W�H �Y�H�U�V�X�V �G�H�D�W�K �U�D�W�H �H�[�D�P�S�O�H �I�U�R�P �6�H�F�W�L�R�Q ���� �:�H
�F�R�P�S�X�W�H �E�R�W�K �W�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �E�L�U�W�K �U�D�W�H �D�Q�G �G�H�D�W�K
�U�D�W�H�� �7�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �������������� �+�R�Z�H�Y�H�U�� �G�L�U�H�F�W �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�L�V �O�H�V�V �L�Q�I�R�U�P�D�W�L�Y�H�� �V�L�Q�F�H �L�W �L�V �Q�R�W �V�F�D�O�H���I�U�H�H�� �:�H �W�K�H�U�H�I�R�U�H �W�X�U�Q �W�R �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q��
�Z�K�L�F�K �L�V �H�T�X�D�O �W�R �������������� �(�Y�H�Q �V�R�� �W�K�L�V �Y�D�O�X�H �L�V �L�Q�W�H�U�S�U�H�W�D�E�O�H �R�Q�O�\ �W�R �W�K�H �H�[�W�H�Q�W �W�K�D�W �Z�H �N�Q�R�Z
�L�W �Z�L�O�O �E�H �E�H�W�Z�H�H�Q �� �D�Q�G ���� �E�X�W �L�W �L�V �Q�R�W �F�R�P�S�D�U�D�E�O�H �W�R �R�W�K�H�U �S�D�L�U�V�� �E�H�F�D�X�V�H �X�Q�O�L�N�H �W�K�H �+�H�O�O�L�Q�J�H�U

����
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�F�R�U�U�H�O�D�W�L�R�Q�� �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �L�V �Q�R�W �P�D�U�J�L�Q���I�U�H�H�� �:�H �G�L�V�F�X�V�V �W�K�L�V �O�L�P�L�W�D�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H���E�D�V�H�G
�G�H�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H�V �I�X�U�W�K�H�U �L�Q �6�H�F�W�L�R�Q ������������ �+�H�Q�F�H�� �Z�H �I�R�F�X�V �S�U�L�P�D�U�L�O�\ �R�Q �W�K�H �W�H�V�W �U�H�V�X�O�W
�X�Q�G�H�U �W�K�H �K�\�S�R�W�K�H�V�H�V �V�W�D�W�H�G �L�Q �(�T�X�D�W�L�R�Q ������������ �7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�H�U�P�X�W�D�W�L�R�Q �W�H�V�W �J�L�Y�H�V �Dp��
�Y�D�O�X�H �R�I< 0:0002�� �O�H�D�G�L�Q�J �W�R �D �U�H�M�H�F�W�L�R�Q �R�I �W�K�H �Q�X�O�O �K�\�S�R�W�K�H�V�L�V �R�I �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �7�K�L�V �U�H�V�X�O�W �L�V
�F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �R�X�U �I�L�Q�G�L�Q�J�V �L�Q �6�H�F�W�L�R�Q ���������� �D�Q�G �V�K�R�Z�V �W�K�D�W �E�R�W�K �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G
�W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �D�U�H �D�E�O�H �W�R �G�H�W�H�F�W �W�K�H �Q�R�Q�O�L�Q�H�D�U �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �E�L�U�W�K �U�D�W�H �D�Q�G
�G�H�D�W�K �U�D�W�H��

�0�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �G�D�W�D���:�H �F�R�Q�W�L�Q�X�H �Z�L�W�K �R�X�U �P�R�W�L�Y�D�W�L�Q�J �H�[�D�P�S�O�H �L�Q�Y�R�O�Y�L�Q�J �P�X�O�W�L�S�O�H �O�L�Q�H�V
�R�I �E�X�V�L�Q�H�V�V�� �7�D�E�O�H�V ������ �D�Q�G ������ �G�L�V�S�O�D�\ �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �P�D�W�U�L�[�� �D�Q�G �W�K�H �P�D�W�U�L�[ �R�I
�S�H�U�P�X�W�D�W�L�R�Q���W�H�V�Wp���Y�D�O�X�H�V �I�R�U �L�Q�G�H�S�H�Q�G�H�Q�F�H �I�R�U �H�Y�H�U�\ �S�D�L�U �R�I �Y�D�U�L�D�E�O�H�V �X�Q�G�H�U �W�K�H �K�\�S�R�W�K�H�V�H�V

H0 : X i ? Y;

H1 : X i 6?Y;
������������

�I�R�Ui = 1 ; 2; 3�� �:�K�H�Q �Z�H �L�Q�V�S�H�F�W �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q�� �D�O�O �Y�D�O�X�H�V �D�U�H �F�O�R�V�H �W�R �]�H�U�R �H�[�F�H�S�W �I�R�U
�W�K�H �S�D�L�U(X 3; Y )�� �I�R�U �Z�K�L�F�K �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �L�V0:0913�� �V�X�E�V�W�D�Q�W�L�D�O�O�\ �O�D�U�J�H�U �W�K�D�Q �I�R�U �W�K�H �R�W�K�H�U
�S�D�L�U�V�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �W�K�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q(X 3; Y ) �L�V �H�[�D�F�W�O�\ �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �W�K�D�W �F�R�U�U�H�O�D�W�L�R�Q
�I�D�L�O�V �W�R �G�H�W�H�F�W�� �$ �V�L�P�L�O�D�U �F�R�Q�F�O�X�V�L�R�Q �L�V �V�X�S�S�R�U�W�H�G �E�\ �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�H�U�P�X�W�D�W�L�R�Q���W�H�V�Wp���Y�D�O�X�H�V��
�Z�K�L�F�K �O�H�D�G �X�V �W�R �U�H�M�H�F�W �W�K�H �Q�X�O�O �K�\�S�R�W�K�H�V�L�V �R�I �L�Q�G�H�S�H�Q�G�H�Q�F�H �I�R�U(X 3; Y ) ���Z�L�W�K �Dp���Y�D�O�X�H< ��������������
�D�Q�G �W�K�H�U�H�I�R�U�H �L�Q�G�L�F�D�W�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �Y�D�U�L�D�E�O�H�V�� �+�R�Z�H�Y�H�U�� �G�H�V�S�L�W�H �E�H�L�Q�J �W�K�H
�O�D�U�J�H�V�W �S�D�L�U�Z�L�V�H �Y�D�O�X�H�� �D �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �R�I ������������ �P�D�\ �V�W�L�O�O �D�S�S�H�D�U �Q�X�P�H�U�L�F�D�O�O�\ �V�P�D�O�O�� �,�I
�D �Y�D�O�X�H �R�I �W�K�L�V �P�D�J�Q�L�W�X�G�H �D�U�R�V�H �I�R�U �3�H�D�U�V�R�Q �R�U �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �L�W �Z�R�X�O�G �W�\�S�L�F�D�O�O�\ �V�X�J�J�H�V�W
�Z�H�D�N �G�H�S�H�Q�G�H�Q�F�H�� �Z�K�L�F�K �L�V �Q�R�W �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �F�O�H�D�U �F�U�R�V�V���V�K�D�S�H�G �S�D�W�W�H�U�Q �L�Q �)�L�J�X�U�H ��������
�7�K�L�V �I�X�U�W�K�H�U �L�O�O�X�V�W�U�D�W�H�V �W�K�D�W �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �L�V �P�R�U�H �X�V�H�I�X�O �I�R�U�G�H�W�H�F�W�L�Q�J�G�H�S�H�Q�G�H�Q�F�H ���D�V �D
�E�L�Q�D�U�\ �D�Q�V�Z�H�U �\�H�V���Q�R�� �W�K�D�Q �I�R�U �L�Q�W�H�U�S�U�H�W�L�Q�J �W�K�H �V�W�U�H�Q�J�W�K �R�I �G�H�S�H�Q�G�H�Q�F�H��

dCor2(X i ; Yj ) X 1 X 2 X 3 Y
X 1 ������������ ������������ ������������ ������������
X 2 ������������ ������������ ������������ ������������
X 3 ������������ ������������ ������������ ������������
Y ������������ ������������ ������������ ������������

�7�D�E�O�H ���������'�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �P�D�W�U�L�[ �I�R�U �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �G�D�W�D�� �6�L�P�L�O�D�U �W�R �W�K�H �+�H�O�O�L�Q�J�H�U
�F�R�U�U�H�O�D�W�L�R�Q�� �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q�V �D�U�H �D�O�O �F�O�R�V�H �W�R ���� �H�[�F�H�S�W �I�R�U �W�K�H �S�D�L�U(X 3; Y )�� �Z�K�L�F�K �L�V
�V�X�E�V�W�D�Q�W�L�D�O�O�\ �O�D�U�J�H�U �W�K�D�Q �W�K�H �R�W�K�H�U�V�� �7�K�L�V �L�Q�G�L�F�D�W�H�V �O�L�W�W�O�H �S�D�L�U�Z�L�V�H �G�H�S�H�Q�G�H�Q�F�H �I�R�U(X 1; Y ) �D�Q�G
(X 2; Y )�� �E�X�W �D �Q�R�W�L�F�H�D�E�O�\ �V�W�U�R�Q�J�H�U �G�H�S�H�Q�G�H�Q�F�H �I�R�U(X 3; Y )��

p���Y�D�O�X�HX 1 X 2 X 3 Y
X 1 ������������ ������������ ������������ ������������
X 2 ������������ ������������ ������������ ������������
X 3 ������������ ������������ ������������ < ������������
Y ������������ ������������ < ������������ ������������

�7�D�E�O�H ���������3�H�U�P�X�W�D�W�L�R�Q���W�H�V�Wp���Y�D�O�X�H �P�D�W�U�L�[ �E�D�V�H�G �R�Q �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �I�R�U �W�K�H �P�R�W�L�Y�D�W�L�Q�J
�H�[�D�P�S�O�H�� �7�K�Hp���Y�D�O�X�H �L�V �V�L�J�Q�L�I�L�F�D�Q�W �R�Q�O�\ �I�R�U �W�K�H �S�D�L�U(X 3; Y )�� �Z�K�L�F�K �L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �)�L�J�X�U�H ��������
�Z�K�H�U�H �R�Q�O�\(X 3; Y ) �H�[�K�L�E�L�W�V �D�Q �R�E�Y�L�R�X�V �F�U�R�V�V �S�D�W�W�H�U�Q��

�$�V �G�L�V�F�X�V�V�H�G �H�D�U�O�L�H�U�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �K�D�V �W�K�H �D�G�G�L�W�L�R�Q�D�O �D�G�Y�D�Q�W�D�J�H �R�I �E�H�L�Q�J �D�E�O�H �W�R �G�H��
�W�H�F�W �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V �R�I �D�U�E�L�W�U�D�U�\ �G�L�P�H�Q�V�L�R�Q �D�Q�G �W�\�S�H�� �7�K�L�V �L�V �D�Q �L�P�S�R�U�W�D�Q�W
�D�G�Y�D�Q�W�D�J�H �R�Y�H�U �E�R�W�K �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q�� �$�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H �������D �D�Q�G

����
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�������E�� �W�K�H�U�H �L�V �F�O�H�D�U �G�H�S�H�Q�G�H�Q�F�H �L�Q�Y�R�O�Y�L�Q�J �W�K�H �I�X�O�O �F�R�O�O�H�F�W�L�R�Q(X 1; X 2; Y )�� �:�H �W�K�H�U�H�I�R�U�H �F�R�P��
�S�X�W�H �W�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q�� �D�Q�G �S�H�U�P�X�W�D�W�L�R�Q���W�H�V�Wp���Y�D�O�X�H �E�H�W�Z�H�H�Q �W�K�H
�U�D�Q�G�R�P �Y�H�F�W�R�U(X 1; X 2) �D�Q�G �W�K�H �V�F�D�O�D�UY �� �7�K�H �Q�X�O�O �K�\�S�R�W�K�H�V�L�V �L�V

H0 : (X 1; X 2) ? Y;

H1 : (X 1; X 2) 6?Y:
������������

�7�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q(X 1; X 2) �D�Q�GY �L�V �J�L�Y�H�Q �E�\ ������������ �Z�L�W�K �Dp���Y�D�O�X�H �R�I< ��������������
�L�Q�G�L�F�D�W�L�Q�J �D �V�L�J�Q�L�I�L�F�D�Q�W �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H�P�� �8�V�L�Q�J �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H���F�R�U�U�H�O�D�W�L�R�Q�� �Z�H
�G�H�W�H�F�W �M�R�L�Q�W �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �U�D�Q�G�R�P �Y�H�F�W�R�U(X 1; X 2) �D�Q�GY �W�K�D�W �L�V �Q�R�W �F�D�S�W�X�U�H�G �E�\
�V�W�D�W�L�V�W�L�F�V �O�L�P�L�W�H�G �W�R �S�D�L�U�Z�L�V�H �D�V�V�R�F�L�D�W�L�R�Q�V �E�H�W�Z�H�H�Q �L�Q�G�L�Y�L�G�X�D�O �Y�D�U�L�D�E�O�H�V�� �1�R�W�H �W�K�D�W �W�K�H �Y�H�F�W�R�U
(X 1; X 2) �L�V �F�R�Q�V�W�U�X�F�W�H�G �E�\ �F�R�Q�F�D�W�H�Q�D�W�L�R�Q�� �D�V �L�Q �W�K�HCCdCov �I�U�D�P�H�Z�R�U�N �R�I �+�� �0�� �/�H�H �H�W �D�O��
�������������� �V�H�H �D�O�V�R �6�H�F�W�L�R�Q ��������

���������� �/�L�P�L�W�D�W�L�R�Q�V

�$�V �Z�H �F�D�Q �V�H�H �L�Q �W�K�H �S�U�H�Y�L�R�X�V �L�O�O�X�V�W�U�D�W�L�R�Q�V�� �D �S�U�D�F�W�L�F�D�O �F�R�Q�V�L�G�H�U�D�W�L�R�Q �L�V �W�K�D�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�L�W�V�H�O�I �L�V �Q�R�W �V�F�D�O�H���I�U�H�H�� �L�I �Z�H �U�H�V�F�D�O�H �W�K�H �X�Q�L�W�V �R�IX �R�UY ���H���J���� �P�H�D�V�X�U�L�Q�J �O�R�V�V�H�V �L�Q �G�R�O�O�D�U�V �U�D�W�K�H�U
�W�K�D�Q �W�K�R�X�V�D�Q�G�V �R�I �G�R�O�O�D�U�V���� �W�K�H �Y�D�O�X�H �R�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�K�D�Q�J�H�V�� �,�Q �S�U�D�F�W�L�F�H�� �W�K�L�V �L�V�V�X�H �F�D�Q
�E�H �D�G�G�U�H�V�V�H�G �E�\ �U�H�S�R�U�W�L�Q�J �W�K�H �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q�� �Z�K�L�F�K �L�V �Q�R�U�P�D�O�L�V�H�G �W�R �O�L�H �L�Q[0; 1]�� �+�R�Z�H�Y�H�U��
�V�R�P�H �F�D�U�H �L�V �V�W�L�O�O �Q�H�H�G�H�G �Z�K�H�Q �L�Q�W�H�U�S�U�H�W�L�Q�J �G�L�V�W�D�Q�F�H �F�R�U�U�H�O�D�W�L�R�Q �D�V �D �J�H�Q�H�U�D�O���S�X�U�S�R�V�H �P�H�D�V�X�U�H
�R�I �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K�� �$�V �Q�R�W�H�G �E�\ �*�H�H�Q�H�Q�V �D�Q�G �/�D�I�D�\�H �G�H �0�L�F�K�H�D�X�[ �������������� �G�L�V�W�D�Q�F�H �F�R�U�U�H��
�O�D�W�L�R�Q �L�V �V�W�L�O�O �Q�R�W �P�D�U�J�L�Q���I�U�H�H�� �,�Q �D�G�G�L�W�L�R�Q�� �I�R�U �W�Z�R �U�H�D�O���Y�D�O�X�H�G �X�Q�L�Y�D�U�L�D�W�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�VX �D�Q�G
Y �� �W�K�H �V�W�D�W�L�V�W�L�F �D�W�W�D�L�Q�V �L�W�V �P�D�[�L�P�X�P �R�Q�O�\ �L�Q �W�K�H �F�D�V�H �R�I �S�H�U�I�H�F�W �O�L�Q�H�D�U �G�H�S�H�Q�G�H�Q�F�H ���(�G�H�O�P�D�Q�Q
�H�W �D�O���� ������������ �W�K�D�W �L�V�� �Z�K�H�QY = aX + b �I�R�U �V�R�P�H �U�H�D�O �Q�X�P�E�H�U�Va 6= 0 �D�Q�Gb�� �7�K�L�V �V�K�R�X�O�G �E�H �N�H�S�W
�L�Q �P�L�Q�G�� �V�L�Q�F�H �S�H�U�I�H�F�W �G�H�S�H�Q�G�H�Q�F�H �P�D�\ �D�O�V�R �D�U�L�V�H �L�Q �Q�R�Q���O�L�Q�H�D�U �I�R�U�P�V�� �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�P�D�\ �Q�R�W �E�H �D�E�O�H �W�R �U�H�I�O�H�F�W �W�K�L�V �E�\ �D�W�W�D�L�Q�L�Q�J �L�W�V �P�D�[�L�P�X�P��

�+�H�Q�F�H�� �Z�H �Y�L�H�Z �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �S�U�L�P�D�U�L�O�\ �D�V �D �X�V�H�I�X�O �W�R�R�O �I�R�U �W�H�V�W�L�Q�J �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H��
�W�Z�H�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �U�D�W�K�H�U �W�K�D�Q �D�V �D �X�Q�L�I�L�H�G �D�Q�G �G�L�U�H�F�W�O�\ �L�Q�W�H�U�S�U�H�W�D�E�O�H �P�H�D�V�X�U�H �R�I �D�V�V�R�F�L�D�W�L�R�Q
�V�W�U�H�Q�J�W�K �I�R�U �U�H�S�R�U�W�L�Q�J �D�F�U�R�V�V �V�H�W�W�L�Q�J�V�� �,�Q�V�W�H�D�G�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �G�H�W�D�L�O�H�G �L�Q �6�H�F�W�L�R�Q ������
�L�V �W�\�S�L�F�D�O�O�\ �I�L�W �I�R�U �D �X�Q�L�Y�H�U�V�D�O �P�H�D�V�X�U�H �R�I �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K �E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V��

�:�L�W�K �W�K�D�W �V�D�L�G�� �W�Z�R �D�G�G�L�W�L�R�Q�D�O �U�H�P�D�U�N�V �D�U�H �Z�R�U�W�K �D�G�G�L�Q�J�� �)�L�U�V�W�� �V�L�P�L�O�D�U �W�R �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �F�R��
�H�I�I�L�F�L�H�Q�W�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �G�H�I�L�Q�H�G �X�Q�G�H�U �W�K�H �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �W�K�H �I�L�U�V�W �P�R�P�H�Q�W�V �R�I �E�R�W�K
�U�D�Q�G�R�P �Y�H�F�W�R�U�V �D�U�H �I�L�Q�L�W�H�� �,�Q �S�U�L�Q�F�L�S�O�H�� �W�K�L�V �F�R�Q�G�L�W�L�R�Q �P�D�\ �I�D�L�O �X�Q�G�H�U �K�H�D�Y�\���W�D�L�O�H�G �P�R�G�H�O�V ���(�P��
�E�U�H�F�K�W�V �H�W �D�O���� ������������ �,�Q �V�X�F�K �F�D�V�H�V�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �Q�R�W �J�X�D�U�D�Q�W�H�H�G �W�R �E�H �I�L�Q�L�W�H �R�U �W�R
�F�R�Q�Y�H�U�J�H�� �D�Q�G �W�K�H �F�K�D�U�D�F�W�H�U�L�V�D�W�L�R�Q �W�K�D�W �³�L�Q�G�H�S�H�Q�G�H�Q�F�H �K�R�O�G�V �L�I �D�Q�G �R�Q�O�\ �L�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�L�V ���´ �P�D�\ �Q�R �O�R�Q�J�H�U �D�S�S�O�\�� �V�L�Q�F�H �L�W �U�H�O�L�H�V �R�Q �W�K�H�V�H �P�R�P�H�Q�W �F�R�Q�G�L�W�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �W�K�L�V �L�V �P�R�U�H �R�I �D
�W�H�F�K�Q�L�F�D�O �F�R�Q�G�L�W�L�R�Q �D�Q�G �L�V �O�L�N�H�O�\ �Q�R�W �D �S�U�D�F�W�L�F�D�O �O�L�P�L�W�D�W�L�R�Q �L�Q �P�R�V�W �V�W�D�Q�G�D�U�G �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V��

�0�R�U�H�R�Y�H�U�� �W�K�H �H�V�W�L�P�D�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �Q�R�W �U�R�E�X�V�W �W�R �H�[�W�U�H�P�H �R�X�W�O�L�H�U�V ���/�H�\�G�H�U
�H�W �D�O���� ������������ �,�W �F�D�Q �E�H �G�U�L�Y�H�Q �W�R �D �K�L�J�K �Y�D�O�X�H �E�\ �D �V�L�Q�J�O�H�� �R�U �D �I�H�Z�� �H�[�W�U�H�P�H �R�E�V�H�U�Y�D�W�L�R�Q�V�� �H�Y�H�Q
�Z�K�H�Q �W�K�H �W�Z�R �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W �D�W �W�K�H �S�R�S�X�O�D�W�L�R�Q �O�H�Y�H�O�� �7�K�L�V �O�L�P�L�W�D�W�L�R�Q �L�V �Q�R�W
�X�Q�L�T�X�H �W�R �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �D�O�V�R �D�S�S�O�L�H�V �W�R �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�� �E�X�W �L�W �L�V �V�W�L�O�O �Z�R�U�W�K
�Q�R�W�L�Q�J��

�������� �&�K�R�R�V�L�Q�J �E�H�W�Z�H�H�Q �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H

�7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �V�H�U�Y�H �G�L�I�I�H�U�H�Q�W �S�U�L�P�D�U�\ �S�X�U�S�R�V�H�V�� �:�K�H�Q �W�K�H
�J�R�D�O �L�V �W�R �R�E�W�D�L�Q �D�Q �L�Q�W�H�U�S�U�H�W�D�E�O�H �V�X�P�P�D�U�\ �R�I �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K �E�H�W�Z�H�H�Q �W�Z�R �F�R�Q�W�L�Q�X�R�X�V
�X�Q�L�Y�D�U�L�D�W�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �W�\�S�L�F�D�O�O�\ �W�K�H �P�R�U�H �D�S�S�U�R�S�U�L�D�W�H �F�K�R�L�F�H��
�%�H�F�D�X�V�H �L�W �L�V �F�R�S�X�O�D���E�D�V�H�G�� �L�W �L�V �P�D�U�J�L�Q���I�U�H�H�� �D�Q�G �L�W�V �Y�D�O�X�H�V �O�L�H �L�Q[0; 1]�� �Z�K�L�F�K �P�D�N�H�V �L�W �F�R�Q�Y�H�Q�L�H�Q�W
�I�R�U �U�H�S�R�U�W�L�Q�J �D�Q�G �F�R�P�S�D�U�L�Q�J �G�H�S�H�Q�G�H�Q�F�H �D�F�U�R�V�V �V�H�W�W�L�Q�J�V��

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�,�Q �F�R�Q�W�U�D�V�W�� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �W�\�S�L�F�D�O�O�\ �P�R�U�H �X�V�H�I�X�O �Z�K�H�Q �W�K�H �P�D�L�Q �R�E�M�H�F�W�L�Y�H �L�V �W�R �G�H�W�H�F�W
�G�H�S�H�Q�G�H�Q�F�H�� �H�V�S�H�F�L�D�O�O�\ �Z�K�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V �D�U�H �L�Q�Y�R�O�Y�H�G�� �,�W�V �P�D�L�Q �D�G�Y�D�Q�W�D�J�H �L�V �W�K�D�W �L�W �D�S�S�O�L�H�V
�G�L�U�H�F�W�O�\ �W�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V �R�I �D�U�E�L�W�U�D�U�\ �G�L�P�H�Q�V�L�R�Q�� �V�R �L�W �F�D�Q �G�H�W�H�F�W �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �D �V�F�D�O�D�U
�D�Q�G �D �Y�H�F�W�R�U�� �R�U �E�H�W�Z�H�H�Q �W�Z�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �Z�L�W�K�R�X�W �U�H�G�X�F�L�Q�J �W�K�H �S�U�R�E�O�H�P �W�R �V�H�S�D�U�D�W�H �S�D�L�U�Z�L�V�H
�F�R�P�S�D�U�L�V�R�Q�V�� �7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �X�V�H�I�X�O �L�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �Z�K�H�U�H �W�K�H �U�H�O�H�Y�D�Q�W �R�E�M�H�F�W�V �D�U�H
�R�I�W�H�Q �Q�D�W�X�U�D�O�O�\ �P�X�O�W�L�Y�D�U�L�D�W�H �R�U �R�I �P�L�[�H�G �W�\�S�H��

�,�Q �W�K�H �F�D�V�H �R�I �W�H�V�W�L�Q�J �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �F�R�Q�W�L�Q�X�R�X�V �X�Q�L�Y�D�U�L�D�W�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �L�W
�P�D�\ �E�H �X�V�H�I�X�O �W�R �F�R�Q�V�L�G�H�U �E�R�W�K �V�W�D�W�L�V�W�L�F�V�� �$�O�W�K�R�X�J�K �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �P�R�U�H �Q�D�W�X�U�D�O�O�\ �L�Q��
�W�H�U�S�U�H�W�H�G �D�V �D �P�H�D�V�X�U�H �R�I �G�H�S�H�Q�G�H�Q�F�H �V�W�U�H�Q�J�W�K�� �R�Q�H �F�D�Q�Q�R�W �V�L�Q�J�O�H �R�X�W �R�Q�H �R�I �W�K�H �W�Z�R �D�V �D�O�Z�D�\�V
�S�U�H�I�H�U�U�H�G �I�R�U �W�H�V�W�L�Q�J �L�Q �W�K�L�V �V�H�W�W�L�Q�J�� �7�K�H�L�U �S�R�Z�H�U �P�D�\ �G�L�I�I�H�U �D�F�U�R�V�V �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H�V�� �V�R
�F�R�Q�V�L�G�H�U�L�Q�J �E�R�W�K �F�D�Q �S�U�R�Y�L�G�H �D �P�R�U�H �F�R�P�S�O�H�W�H �D�V�V�H�V�V�P�H�Q�W �R�I �Z�K�H�W�K�H�U �G�H�S�H�Q�G�H�Q�F�H �L�V �S�U�H�V�H�Q�W��

�$ �F�R�P�P�R�Q �I�H�D�W�X�U�H �R�I �E�R�W�K �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �W�K�D�W �W�K�H�\ �D�U�H
�Q�R�Q���Q�H�J�D�W�L�Y�H�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �X�Q�O�L�N�H �3�H�D�U�V�R�Q�¶�V �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�� �W�K�H�\ �G�R �Q�R�W �S�U�R�Y�L�G�H �D �V�L�J�Q
�R�U �G�L�U�H�F�W�L�R�Q �R�I �D�V�V�R�F�L�D�W�L�R�Q�� �7�K�L�V �L�V �Q�D�W�X�U�D�O�� �V�L�Q�F�H �I�R�U �Q�R�Q���O�L�Q�H�D�U �R�U �Q�R�Q���P�R�Q�R�W�R�Q�L�F �G�H�S�H�Q�G�H�Q�F�H
�L�W �L�V �R�I�W�H�Q �X�Q�F�O�H�D�U �Z�K�D�W �D �³�G�L�U�H�F�W�L�R�Q�´ �V�K�R�X�O�G �P�H�D�Q��

�)�L�Q�D�O�O�\�� �Q�R�W�H �W�K�D�W �G�L�I�I�H�U�H�Q�W �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H�V �P�D�\ �\�L�H�O�G �V�L�P�L�O�D�U �Y�D�O�X�H�V �R�I �W�K�H �V�D�P�H �V�W�D�W�L�V��
�W�L�F�� �)�R�U �W�K�L�V �U�H�D�V�R�Q�� �Q�X�P�H�U�L�F�D�O �V�X�P�P�D�U�L�H�V �D�U�H �R�I�W�H�Q �E�H�V�W �F�R�P�S�O�H�P�H�Q�W�H�G �E�\ �J�U�D�S�K�L�F�D�O �G�L�D�J�Q�R�V��
�W�L�F�V�� �V�X�F�K �D�V �W�K�H ���' �D�Q�G ���' �F�R�O�R�X�U�H�G �S�O�R�W�V �X�V�H�G �L�Q �R�X�U �H�D�U�O�L�H�U �L�O�O�X�V�W�U�D�W�L�R�Q�V��

���� �0�X�O�W�L�Y�D�U�L�D�W�H �G�H�S�H�Q�G�H�Q�F�H

�,�Q �6�H�F�W�L�R�Q ���� �Z�H �L�Q�W�U�R�G�X�F�H�G �W�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�V �W�Z�R �F�R�P�S�O�H��
�P�H�Q�W�D�U�\ �G�L�V�W�D�Q�F�H���E�D�V�H�G �V�W�D�W�L�V�W�L�F�V�� �7�K�H �+�H�O�O�L�Q�J�H�U �F�R�U�U�H�O�D�W�L�R�Q �L�V �Z�H�O�O �V�X�L�W�H�G �I�R�U �P�H�D�V�X�U�L�Q�J �D�Q�G
�U�H�S�R�U�W�L�Q�J �W�K�H �V�W�U�H�Q�J�W�K �R�I �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �X�Q�L�Y�D�U�L�D�W�H �F�R�Q�W�L�Q�X�R�X�V �Y�D�U�L�D�E�O�H�V�� �Z�K�L�O�H �G�L�V��
�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �X�V�H�I�X�O �I�R�U �W�H�V�W�L�Q�J �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q�W�Z�R�U�D�Q�G�R�P �Y�H�F�W�R�U�V��
�:�K�H�Q �P�X�O�W�L�S�O�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �D�U�H �L�Q�Y�R�O�Y�H�G�� �R�Q�H �P�D�\ �F�R�Q�F�D�W�H�Q�D�W�H �W�K�H�P �L�Q�W�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V
�D�Q�G �D�V�V�H�V�V �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �U�H�V�X�O�W�L�Q�J �Y�H�F�W�R�U �S�D�L�U�� �D�V �L�Q �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �H�[�D�P��
�S�O�H �L�Q �6�H�F�W�L�R�Q ������������ �V�H�H �D�J�D�L�Q �+�� �0�� �/�H�H �H�W �D�O�� ������������ �D�Q�G �6�H�F�W�L�R�Q �������� �,�Q �S�U�D�F�W�L�F�H�� �K�R�Z�H�Y�H�U�� �W�K�H
�U�H�O�H�Y�D�Q�W �J�U�R�X�S�L�Q�J �L�Q�W�R �W�Z�R �U�D�Q�G�R�P �Y�H�F�W�R�U�V �P�D�\ �E�H �X�Q�F�O�H�D�U�� �D�Q�G �G�H�S�H�Q�G�H�Q�F�H �P�D�\ �U�H�P�D�L�Q �K�L�G�G�H�Q
�L�I �L�W �L�V �Q�R�W �F�D�S�W�X�U�H�G �E�\ �W�K�H �F�K�R�V�H�Q �J�U�R�X�S�L�Q�J�� �0�R�U�H �J�H�Q�H�U�D�O�O�\�� �D�Q�\ �E�L�Y�D�U�L�D�W�H �G�H�S�H�Q�G�H�Q�F�H �P�H�D�V�X�U�H��
�H�Y�H�Q �Z�K�H�Q �D�S�S�O�L�H�G �W�R �V�X�L�W�D�E�O�\ �F�K�R�V�H�Q �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �R�Q�O�\ �D�V�V�H�V�V�H�V �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R
�V�S�H�F�L�I�L�H�G �R�E�M�H�F�W�V �D�Q�G �W�K�H�U�H�I�R�U�H �G�R�H�V �Q�R�W �L�Q �J�H�Q�H�U�D�O �U�H�V�R�O�Y�H �W�K�H �E�U�R�D�G�H�U �T�X�H�V�W�L�R�Q �R�I �P�X�W�X�D�O �L�Q�G�H��
�S�H�Q�G�H�Q�F�H�� �7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �U�H�O�H�Y�D�Q�W �L�Q �D�F�W�X�D�U�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V �Z�K�H�U�H �P�R�G�H�O�O�L�Q�J �D�V�V�X�P�S�W�L�R�Q�V
�D�U�H �R�I�W�H�Q �V�W�D�W�H�G �L�Q �W�H�U�P�V �R�I �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �:�H �W�K�H�U�H�I�R�U�H �L�Q�W�U�R�G�X�F�H �D �G�L�V�W�D�Q�F�H���E�D�V�H�G
�G�H�S�H�Q�G�H�Q�F�H �V�W�D�W�L�V�W�L�F �W�K�D�W �D�V�V�H�V�V�H�V �K�L�J�K�H�U���R�U�G�H�U �G�H�S�H�Q�G�H�Q�F�H �G�L�U�H�F�W�O�\ �D�P�R�Q�J �P�X�O�W�L�S�O�H �U�D�Q�G�R�P
�Y�D�U�L�D�E�O�H�V �R�U �Y�H�F�W�R�U�V�� �Q�D�P�H�O�\ �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���&�K�D�N�U�D�E�R�U�W�\ �	 �=�K�D�Q�J�� ������������

�������� �-�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H

�$�V �V�K�R�Z�Q �L�Q �(�T�X�D�W�L�R�Q ������������ �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �R�Id �U�D�Q�G�R�P �Y�H�F�W�R�U�V �P�H�D�Q�V �W�K�D�W �W�K�H�L�U �M�R�L�Q�W
�S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H�L�U �P�D�U�J�L�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �$�Q �D�Q�D�O�R�J�R�X�V
�F�K�D�U�D�F�W�H�U�L�V�D�W�L�R�Q �K�R�O�G�V �L�Q �W�H�U�P�V �R�I �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V�� �I�R�U �U�D�Q�G�R�P �Y�H�F�W�R�U�VX j 2 Rpj �� j 2
f 1; : : : ; dg�� �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R

' (X 1 ;:::;X d ) (t 1; : : : ; t d) =
dY

j =1

' X j (t j ); 8 t j 2 Rpj ; j = 1 ; : : : ; d: ����������

�,�Q �W�K�H �F�D�V�Hd = 2 �� �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �D�O�U�H�D�G�\ �F�R�Q�V�W�U�X�F�W�H�G �E�\ �F�R�P�S�D�U�L�Q�J �W�K�H �M�R�L�Q�W �F�K�D�U�D�F��
�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q �Z�L�W�K �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �P�D�U�J�L�Q�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�V�� �V�H�H �(�T�X�D�W�L�R�Q ������������
�0�R�W�L�Y�D�W�H�G �E�\ �W�K�L�V �V�D�P�H �L�G�H�D�� �)�D�Q �H�W �D�O�� ������������ �D�Q�G �&�K�D�N�U�D�E�R�U�W�\ �D�Q�G �=�K�D�Q�J ������������ �H�[�W�H�Q�G�H�G �W�K�H
�R�U�L�J�L�Q�D�O �F�R�Q�V�W�U�X�F�W�L�R�Q �W�R �W�K�H �V�H�W�W�L�Q�J �Z�L�W�Kd > 2�� �&�K�D�N�U�D�E�R�U�W�\ �D�Q�G �=�K�D�Q�J ������������ �I�L�U�V�W �G�H�I�L�Q�H �W�K�H

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

k�W�K���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �E�\

dCov2(X 1; : : : ; X k ) =
Z

R
P k

j =1 pj

�
�
�
�
�
�
E
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4
kY

j =1

�
' X j (t j ) � ei t >

j X j
�
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�

2

w(t 1; : : : ; t k ) dt 1 � � � dt k ; ����������

�Z�K�H�U�Hw �L�V �W�K�H �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q �D�Q�D�O�R�J�R�X�V �W�R �W�K�D�W �R�I �(�T�X�D�W�L�R�Q ���������� �6�]�p�N�H�O�\ �H�W �D�O�� �������������� �:�K�H�Q
k = 2 �� �W�K�L�V �U�H�G�X�F�H�V �W�R �W�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �G�H�I�L�Q�H�G �L�Q �(�T�X�D�W�L�R�Q ������������ �(�[�W�H�Q�G�L�Q�J �W�K�L�V �L�G�H�D��
�W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �I�R�Ud �U�D�Q�G�R�P �Y�H�F�W�R�U�V �L�V �J�L�Y�H�Q �E�\

JdCov2(X 1; : : : ; X d) =
X

(j 1 ;j 2 )2J d
2

dCov2(X j 1 ; X j 2 ) +
X

(j 1 ;j 2 ;j 3 )2J d
3

dCov2(X j 1 ; X j 2 ; X j 3 )

+ � � � + dCov2(X 1; : : : ; X d);

����������

�Z�K�H�U�HJ d
k =

�
(� 1; : : : ; � k ) 2 f 1; : : : ; dgk : � 1 < � 2 < � � � < � k

	
�G�H�Q�R�W�H�V �W�K�H �F�R�O�O�H�F�W�L�R�Q �R�I �L�Q�F�U�H�D�V��

�L�Q�J �L�Q�G�H�[ �W�X�S�O�H�V �R�I �V�L�]�Hk �F�K�R�V�H�Q �I�U�R�Pf 1; : : : ; dg�� �)�X�U�W�K�H�U �W�H�F�K�Q�L�F�D�O �G�H�W�D�L�O�V �R�Q �W�K�H �G�H�I�L�Q�L�W�L�R�Q
���H���J���� �W�K�H �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Qw�� �D�Q�G �W�K�H �H�V�W�L�P�D�W�L�R�Q �R�I �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�U�H �S�U�R�Y�L�G�H�G
�L�Q �$�S�S�H�Q�G�L�F�H�V �*���� �D�Q�G �*������ �)�D�Q �H�W �D�O�� ������������ �H�P�S�O�R�\�H�G �D �G�L�I�I�H�U�H�Q�W �V�W�U�D�W�H�J�\ �X�V�L�Q�J �W�K�H �0�R�E�L�X�V
�W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�� �D�Q�G �F�R�Q�V�L�G�H�U�H�G �Y�D�U�L�R�X�V �Z�H�L�J�K�W�V �D�V �Z�H�O�O�� �:�H �G�R �Q�R�W �F�R�Q�V�L�G�H�U �W�K�D�W �D�S�S�U�R�D�F�K �K�H�U�H��
�V�L�Q�F�H �W�K�H �Z�H�L�J�K�W �I�X�Q�F�W�L�R�Q �X�V�H�G �E�\ �&�K�D�N�U�D�E�R�U�W�\ �D�Q�G �=�K�D�Q�J ������������ �Q�D�W�X�U�D�O�O�\ �H�[�W�H�Q�G�V �W�K�H �R�U�L�J�L�Q�D�O
�G�H�I�L�Q�L�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �S�U�R�Y�L�G�H�V �D�Q �H�V�W�L�P�D�W�R�U �Z�L�W�K �D �F�R�Q�V�W�U�X�F�W�L�R�Q �V�L�P�L�O�D�U �W�R �W�K�D�W �R�I
�G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H��

�7�K�H �I�R�U�P�X�O�D�W�L�R�Q �R�I �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���-�G�&�R�Y�� �F�R�Q�V�L�V�W�V �R�I �D�Q �H�[�K�D�X�V�W�L�Y�H �V�X�P �R�Ik�W�K��
�R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �W�H�U�P�V �I�R�Uk = 2 ; : : : ; d�� �)�R�U �H�D�F�Kk�� �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�H�U�P �D�J�J�U�H��
�J�D�W�H�V �W�K�H �G�H�S�H�Q�G�H�Q�F�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �D�O�O �V�X�E�V�H�W�V �R�I �V�L�]�Hk �D�P�R�Q�J �W�K�Hd �U�D�Q�G�R�P
�Y�H�F�W�R�U�V�� �7�K�X�V��JdCov �F�R�P�E�L�Q�H�V �G�H�S�H�Q�G�H�Q�F�H �L�Q�I�R�U�P�D�W�L�R�Q �D�F�U�R�V�V �D�O�O �R�U�G�H�U�V�� �I�U�R�P �S�D�L�U�Z�L�V�H �G�H��
�S�H�Q�G�H�Q�F�H �X�S �W�R �W�K�H �I�X�O�O �³d���Z�D�\�´ �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H��

�)�R�U �H�[�D�P�S�O�H�� �Z�K�H�Qd = 3 �� �W�K�H ���U�G���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�R�Q�V�L�G�H�U�V �R�Q�O�\ �W�K�H �G�H�S�H�Q�G�H�Q�F�H
�V�W�U�X�F�W�X�U�H �W�K�D�W �L�V �Y�L�V�L�E�O�H �Z�K�H�QX 1�� X 2�� �D�Q�GX 3 �D�U�H �F�R�Q�V�L�G�H�U�H�G �M�R�L�Q�W�O�\�� �,�W �G�R�H�V �Q�R�W �V�H�S�D�U�D�W�H�O�\
�D�F�F�R�X�Q�W �I�R�U �W�K�H �S�D�L�U�Z�L�V�H �D�V�V�R�F�L�D�W�L�R�Q�V �D�P�R�Q�J �W�K�H �W�K�U�H�H �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �$�V �D �U�H�V�X�O�W�� �H�Y�H�Q �L�I
�W�K�H ���U�G���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �]�H�U�R�� �W�K�L�V �G�R�H�V �Q�R�W �L�P�S�O�\ �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �I�R�U �H�Y�H�U�\
�S�D�L�U �R�I �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �&�R�Q�Y�H�U�V�H�O�\�� �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �W�H�U�P�V �P�D�\ �D�O�O �E�H �]�H�U�R
�H�Y�H�Q �Z�K�H�Q �W�K�H ���U�G���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �Q�R�Q�]�H�U�R�� �W�K�D�W �L�V�� �Z�K�H�Q �G�H�S�H�Q�G�H�Q�F�H �L�V �S�U�H�V�H�Q�W
�R�Q�O�\ �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �W�K�U�H�H �U�D�Q�G�R�P �Y�H�F�W�R�U�V �W�R�J�H�W�K�H�U�� �:�H �L�O�O�X�V�W�U�D�W�H �W�K�L�V �I�X�U�W�K�H�U �Z�L�W�K �D�Q �H�[�D�P�S�O�H �L�Q
�$�S�S�H�Q�G�L�[ �*������ �7�K�L�V �L�V �S�U�H�F�L�V�H�O�\ �Z�K�\JdCov �F�R�P�E�L�Q�H�V �D�O�O ���Q�G�� �D�Q�G ���U�G���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�W�H�U�P�V ���D�Q�G �V�R �R�Q���� �V�R �W�K�D�W �L�W �S�U�R�Y�L�G�H�V �D�Q �H�[�K�D�X�V�W�L�Y�H �T�X�D�Q�W�L�W�\ �R�I �G�H�S�H�Q�G�H�Q�F�H �D�P�R�Q�J �W�K�H �W�K�U�H�H
�U�D�Q�G�R�P �Y�H�F�W�R�U�V��

�)�L�J�X�U�H ������ �S�U�R�Y�L�G�H�V �D �F�O�H�D�U�H�U �Y�L�H�Z �R�I �W�K�H �D�V�V�R�F�L�D�W�L�R�Q�V �F�D�S�W�X�U�H�G �E�\ �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L��
�D�Q�F�H�� �,�W �L�O�O�X�V�W�U�D�W�H�V �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H�V �F�D�S�W�X�U�H�G �E�\ �W�K�Hd���W�K �R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�I�R�U �I�R�X�U �U�D�Q�G�R�P �Y�H�F�W�R�U�VX 1�� X 2�� X 3�� �D�Q�GX 4�� �)�R�Ud = 2 ���W�R�S �O�H�I�W���� �L�W �F�D�S�W�X�U�H�V �D�O�O �S�D�L�U�Z�L�V�H
�G�H�S�H�Q�G�H�Q�F�H�� �Q�D�P�H�O�\ �W�K�H �G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �V�L�[ �S�D�L�U�V �R�I �U�D�Q�G�R�P �Y�H�F�W�R�U�V �I�R�U�P�H�G �I�U�R�P
(X 1; X 2; X 3; X 4)�� �U�H�S�U�H�V�H�Q�W�H�G �E�\ �G�L�I�I�H�U�H�Q�W�O�\ �F�R�O�R�X�U�H�G �H�G�J�H�V�� �7�K�H ���U�G���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L��
�D�Q�F�H ���W�R�S �U�L�J�K�W�� �W�K�H�Q �F�D�S�W�X�U�H�V �G�H�S�H�Q�G�H�Q�F�H �D�F�U�R�V�V �W�U�L�S�O�H�V �R�I �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �V�R �W�K�H�U�H �D�U�H �I�R�X�U
�����Z�D�\ �G�H�S�H�Q�G�H�Q�F�H �W�H�U�P�V �W�R �F�R�Q�V�L�G�H�U�� �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �F�R�O�R�X�U�H�G �I�D�F�H�V �R�I �W�K�H �W�H�W�U�D�K�H�G�U�R�Q��
�7�K�H ���W�K���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���E�R�W�W�R�P �O�H�I�W�� �F�D�S�W�X�U�H�V �W�K�H �G�H�S�H�Q�G�H�Q�F�H �W�K�D�W �L�V �Y�L�V�L�E�O�H �R�Q�O�\
�Z�K�H�Q �D�O�O �I�R�X�U �U�D�Q�G�R�P �Y�H�F�W�R�U�V �D�U�H �F�R�Q�V�L�G�H�U�H�G �M�R�L�Q�W�O�\�� �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �W�H�W�U�D�K�H�G�U�R�Q �L�W�V�H�O�I�� �)�L��
�Q�D�O�O�\�� �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���E�R�W�W�R�P �U�L�J�K�W�� �F�R�P�E�L�Q�H�V �W�K�H �G�H�S�H�Q�G�H�Q�F�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V �I�U�R�P
�D�O�O �R�U�G�H�U�V��

�6�L�P�L�O�D�U �W�R �W�K�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H��JdCov �L�V �D�E�O�H �W�R �F�K�D�U�D�F�W�H�U�L�V�H �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�W
�� �D�P�R�Q�Jd �U�D�Q�G�R�P �Y�H�F�W�R�U�V �I�R�Ud � 2 ���D�U�J�X�D�E�O�\ �D �Y�H�U�\ �V�W�U�R�Q�J �U�H�T�X�L�U�H�P�H�Q�W���� �,�W �L�V �D�O�V�R �D�E�O�H �W�R
�F�D�S�W�X�U�H �E�R�W�K �Q�R�Q�O�L�Q�H�D�U �D�Q�G �Q�R�Q���P�R�Q�R�W�R�Q�L�F �G�H�S�H�Q�G�H�Q�F�H�� �D�V �W�K�H �E�L�Y�D�U�L�D�W�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H
�G�R�H�V�� �H�Y�H�Q �L�Q �F�D�V�H�V �Z�K�H�U�H �W�K�H �U�D�Q�G�R�P �Y�H�F�W�R�U�V���Y�D�U�L�D�E�O�H�V �D�U�H �D�O�O �S�D�L�U�Z�L�V�H �L�Q�G�H�S�H�Q�G�H�Q�W��

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�)�L�J�X�U�H ���������7�K�L�V �I�L�J�X�U�H �S�U�R�Y�L�G�H�V �D�Q �L�Q�W�X�L�W�L�R�Q �I�R�U �Z�K�D�W �W�K�H �K�L�J�K�H�U���R�U�G�H�U �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �W�H�U�P�V
�D�Q�G �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�S�W�X�U�H �I�R�U �I�R�X�U �U�D�Q�G�R�P �Y�H�F�W�R�U�VX 1��X 2��X 3�� �D�Q�GX 4�� �7�K�H �W�R�S��
�O�H�I�W �S�D�Q�H�O �U�H�S�U�H�V�H�Q�W�V �W�K�H �V�H�F�R�Q�G���R�U�G�H�U �W�H�U�P�V ���W�K�H �H�G�J�H�V���� �F�D�S�W�X�U�L�Q�J �W�K�H �S�D�L�U�Z�L�V�H �D�V�V�R�F�L�D�W�L�R�Q�V
�D�P�R�Q�J �D�O�O �V�L�[ �S�D�L�U�V �R�I �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �7�K�H �W�R�S���U�L�J�K�W �S�D�Q�H�O �U�H�S�U�H�V�H�Q�W�V �W�K�H �W�K�L�U�G���R�U�G�H�U �W�H�U�P�V ���W�K�H
�I�D�F�H�V���� �F�D�S�W�X�U�L�Q�J �W�K�H �D�V�V�R�F�L�D�W�L�R�Q�V �D�P�R�Q�J �D�O�O �I�R�X�U �W�U�L�S�O�H�W�V �R�I �U�D�Q�G�R�P �Y�H�F�W�R�U�V�� �7�K�H �E�R�W�W�R�P���O�H�I�W
�S�D�Q�H�O �U�H�S�U�H�V�H�Q�W�V �W�K�H �I�R�X�U�W�K���R�U�G�H�U �W�H�U�P ���W�K�H �W�H�W�U�D�K�H�G�U�R�Q���� �F�D�S�W�X�U�L�Q�J �W�K�H �D�V�V�R�F�L�D�W�L�R�Q �D�P�R�Q�J �D�O�O
�I�R�X�U �U�D�Q�G�R�P �Y�H�F�W�R�U�V �M�R�L�Q�W�O�\�� �7�K�H �E�R�W�W�R�P���U�L�J�K�W �S�D�Q�H�O �L�O�O�X�V�W�U�D�W�H�V �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H��
�Z�K�L�F�K �F�R�P�E�L�Q�H�V �W�K�H �V�H�F�R�Q�G���� �W�K�L�U�G���� �D�Q�G �I�R�X�U�W�K���R�U�G�H�U �W�H�U�P�V��

�������� �,�O�O�X�V�W�U�D�W�L�R�Q�V

�7�K�H �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �L�V �L�P�S�O�H�P�H�Q�W�H�G �L�Q�T�v�i�?�Q�M�� �D�Q�G �W�K�H �F�R�G�H �L�V �D�Y�D�L�O��
�D�E�O�H �R�Q �*�L�W�+�X�E�� �'�H�W�D�L�O�V �R�I �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �K�\�S�R�W�K�H�V�L�V �W�H�V�W �I�R�U �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�D�V�H�G �R�Q
�M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �D�U�H �S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[ �*������ �$�O�W�H�U�Q�D�W�L�Y�H�O�\�� �L�Q�_�� �W�K�H�D�/�+�Q�p�S�D�F�N�D�J�H
���&�K�D�N�U�D�E�R�U�W�\ �H�W �D�O���� ���������� �S�U�R�Y�L�G�H�V �I�X�Q�F�W�L�R�Q�V �I�R�U �E�R�W�K �H�V�W�L�P�D�W�L�R�Q �D�Q�G �W�H�V�W�L�Q�J �R�I �M�R�L�Q�W �G�L�V�W�D�Q�F�H
�F�R�Y�D�U�L�D�Q�F�H��

�)�D�L�U�Q�H�V�V �J�H�U�U�\�P�D�Q�G�H�U�L�Q�J�:�H �L�O�O�X�V�W�U�D�W�H �K�R�Z �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�Q �E�H �X�V�H�I�X�O �L�Q �W�K�H
�F�R�Q�W�H�[�W �R�I �³�I�D�L�U�Q�H�V�V �L�V�V�X�H�V�´ �L�Q �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J�� �/�H�WŶ �G�H�Q�R�W�H �D �P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q �D�Q�G �O�H�WS
�G�H�Q�R�W�H �D �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�� �V�X�F�K �D�V �J�H�Q�G�H�U �R�U �H�W�K�Q�L�F�L�W�\�� �$ �F�R�P�P�R�Q �I�D�L�U�Q�H�V�V �F�U�L�W�H�U�L�R�Q �L�V�G�H�P�R��
�J�U�D�S�K�L�F �S�D�U�L�W�\���+�D�U�G�W �H�W �D�O���� ���������� �0�H�K�U�D�E�L �H�W �D�O���� ���������� �;�L�Q �	 �+�X�D�Q�J�� ������������ �Z�K�L�F�K �U�H�T�X�L�U�H�V �W�K�H
�P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q �W�R �E�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�� �7�K�D�W �L�V�� �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�IŶ �V�K�R�X�O�G
�Q�R�W �G�H�S�H�Q�G �R�Q �W�K�H �Y�D�O�X�H �R�IS�� �0�D�W�K�H�P�D�W�L�F�D�O�O�\�� �I�R�U �H�Y�H�U�\ �V�H�WA �R�I �S�R�V�V�L�E�O�H �Y�D�O�X�H�V �R�IŶ ��

P(Ŷ 2 A j S) = P(Ŷ 2 A) () Ŷ ? S: ����������

�,�Q �S�U�D�F�W�L�F�H�� �K�R�Z�H�Y�H�U�� �W�K�H�U�H �D�U�H �R�I�W�H�Q �P�X�O�W�L�S�O�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �V�D�\S1; : : : ; Sd�� �6�X�S�S�R�V�H

����
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�W�K�D�W �D �P�R�G�H�O �V�D�W�L�V�I�L�H�V �G�H�P�R�J�U�D�S�K�L�F �S�D�U�L�W�\ �I�R�U �H�D�F�K �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H �V�H�S�D�U�D�W�H�O�\�� �W�K�D�W �L�V��

Ŷ ? Sk ; k = 1 ; : : : ; d: ����������

�7�K�L�V �G�R�H�V �Q�R�W �J�X�D�U�D�Q�W�H�H �I�D�L�U�Q�H�V�V �D�W �W�K�H �L�Q�W�H�U�V�H�F�W�L�R�Q �R�I �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �)�R�U �H�[�D�P�S�O�H�� �D
�P�R�G�H�O �P�D�\ �V�D�W�L�V�I�\ �G�H�P�R�J�U�D�S�K�L�F �S�D�U�L�W�\ �P�D�U�J�L�Q�D�O�O�\ �I�R�U �J�H�Q�G�H�U �D�Q�G �U�D�F�H�� �Z�K�L�O�H �V�W�L�O�O �E�H�L�Q�J �X�Q�I�D�L�U
�I�R�U �L�Q�W�H�U�V�H�F�W�L�R�Q�D�O �V�X�E�J�U�R�X�S�V �V�X�F�K �D�V �&�D�X�F�D�V�L�D�Q �I�H�P�D�O�H�V �R�U �$�I�U�L�F�D�Q���$�P�H�U�L�F�D�Q �P�D�O�H�V�� �7�K�L�V �S�K�H��
�Q�R�P�H�Q�R�Q �L�V �N�Q�R�Z�Q �D�V�I�D�L�U�Q�H�V�V �J�H�U�U�\�P�D�Q�G�H�U�L�Q�J���.�H�D�U�Q�V �H�W �D�O���� ������������ �D�Q�G �D�U�L�V�H�V �I�U�R�P �W�K�H �I�D�F�W
�W�K�D�W

Ŷ ? Sk �I�R�U �D�O�Ok = 1 ; : : : ; d 6=) Ŷ ? (S1; : : : ; Sd): ����������

�7�K�L�V �P�D�N�H�V �I�D�L�U�Q�H�V�V �J�H�U�U�\�P�D�Q�G�H�U�L�Q�J �D �Q�D�W�X�U�D�O �F�R�Q�W�H�[�W �L�Q �Z�K�L�F�K �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �X�V�H �R�I �M�R�L�Q�W
�G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H�� �,�Q�G�H�H�G�� �W�K�H �L�V�V�X�H �L�V �S�U�H�F�L�V�H�O�\ �W�K�D�W �P�D�U�J�L�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �Z�L�W�K �H�D�F�K �S�U�R��
�W�H�F�W�H�G �I�H�D�W�X�U�H �G�R�H�V �Q�R�W �L�P�S�O�\ �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �Z�K�H�Q �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G
�M�R�L�Q�W�O�\�� �7�R �F�D�S�W�X�U�H �W�K�L�V�� �+�� �0�� �/�H�H �H�W �D�O�� ������������ �S�U�R�S�R�V�H�G �X�V�L�Q�J

JdCov2(Ŷ ; S1; : : : ; Sd) ����������

�D�V �D �U�H�J�X�O�D�U�L�V�H�U�� �,�I �W�K�L�V �U�H�J�X�O�D�U�L�V�D�W�L�R�Q �L�V �P�D�G�H �V�X�I�I�L�F�L�H�Q�W�O�\ �V�W�U�R�Q�J�� �W�K�H�Q �W�K�H�R�U�H�W�L�F�D�O�O�\ �Z�H �R�E�W�D�L�Q

JdCov2(Ŷ ; S1; : : : ; Sd) = 0 ; ����������

�Z�K�L�F�K �L�P�S�O�L�H�V �P�X�W�X�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�P�R�Q�J �W�K�H �P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q �D�Q�G �D�O�O �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �,�Q
�S�D�U�W�L�F�X�O�D�U��

Ŷ ? (Si 1 ; Si 2 ; : : : ; Si k ) 8f i 1; : : : ; i kg � f 1; : : : ; dg; 1 � k � d: ����������

�+�H�Q�F�H�� �W�K�H �P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q �L�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �D�Q�\ �V�X�E�V�H�W �R�I �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �L�Q�F�O�X�G�L�Q�J
�H�D�F�K �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H �P�D�U�J�L�Q�D�O�O�\�� �7�K�L�V �G�L�U�H�F�W�O�\ �D�G�G�U�H�V�V�H�V �W�K�H �I�D�L�U�Q�H�V�V �J�H�U�U�\�P�D�Q�G�H�U�L�Q�J �L�V�V�X�H��
�V�L�Q�F�H �L�W �H�Q�I�R�U�F�H�V �I�D�L�U�Q�H�V�V �Q�R�W �R�Q�O�\ �I�R�U �H�D�F�K �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H �V�H�S�D�U�D�W�H�O�\ �E�X�W �D�O�V�R �I�R�U �D�O�O �L�Q�W�H�U�V�H�F��
�W�L�R�Q�D�O �V�X�E�J�U�R�X�S�V��

�$�W �W�K�H �V�D�P�H �W�L�P�H�� �W�K�L�V �H�[�D�P�S�O�H �D�O�V�R �U�H�Y�H�D�O�V �D�Q �L�P�S�R�U�W�D�Q�W �I�H�D�W�X�U�H �R�I �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R��
�Y�D�U�L�D�Q�F�H�� �6�L�Q�F�HJdCov �F�D�S�W�X�U�H�V �W�K�H �I�X�O�O �P�X�W�X�D�O �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �D�P�R�Q�J �D�O�O �L�Q�S�X�W�V�� �W�K�H
�F�R�Q�G�L�W�L�R�Q �L�Q �(�T�X�D�W�L�R�Q ���������� �D�O�V�R �G�H�S�H�Q�G�V �R�Q �W�K�H �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �D�P�R�Q�J �W�K�H �S�U�R�W�H�F�W�H�G
�I�H�D�W�X�U�H�V �W�K�H�P�V�H�O�Y�H�V�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �(�T�X�D�W�L�R�Q ���������� �F�D�Q �K�R�O�G �R�Q�O�\ �Z�K�H�Q �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V
�D�U�H �P�X�W�X�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�� �7�K�X�V�� �L�Q �W�K�L�V �D�S�S�O�L�F�D�W�L�R�Q��JdCov �L�V �Y�D�O�X�D�E�O�H �E�H�F�D�X�V�H �L�W �K�L�J�K�O�L�J�K�W�V �W�K�H
�I�X�O�O �P�X�W�X�D�O �G�H�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �X�Q�G�H�U�O�\�L�Q�J �I�D�L�U�Q�H�V�V �J�H�U�U�\�P�D�Q�G�H�U�L�Q�J�� �E�X�W �L�W �P�D�\ �E�H �W�R�R �V�W�U�R�Q�J
�L�I �W�K�H �P�R�G�H�O�O�L�Q�J �J�R�D�O �L�V �R�Q�O�\ �W�R �H�Q�I�R�U�F�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �S�U�H�G�L�F�W�L�R�Q �D�Q�G �W�K�H �S�U�R�W�H�F�W�H�G
�D�W�W�U�L�E�X�W�H�V��

�)�R�U �W�K�L�V �U�H�D�V�R�Q�� �+�� �0�� �/�H�H �H�W �D�O�� ������������ �D�O�V�R �L�Q�W�U�R�G�X�F�H�G �W�K�H �F�R�Q�F�D�W�H�Q�D�W�H�G �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L��
�D�Q�F�H �D�V �D �F�R�P�S�O�H�P�H�Q�W�D�U�\ �U�H�J�X�O�D�U�L�V�H�U�� �6�L�Q�F�H �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H �F�D�Q �E�H �D�S�S�O�L�H�G �W�R �U�D�Q�G�R�P
�Y�H�F�W�R�U�V�� �Z�H �P�D�\ �F�R�Q�F�D�W�H�Q�D�W�H �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V �L�Q�W�R �D �V�L�Q�J�O�H �U�D�Q�G�R�P �Y�H�F�W�R�U(S1; : : : ; Sd)��
�D�V �L�Q �W�K�H �P�X�O�W�L���O�L�Q�H �V�L�P�X�O�D�W�H�G �H�[�D�P�S�O�H �L�Q �6�H�F�W�L�R�Q ������������ �D�Q�G �X�V�H

CCdCov(Ŷ ;(S1; : : : ; Sd)) = dCov2(Ŷ ;(S1; : : : ; Sd)) ������������

�D�V �W�K�H �U�H�J�X�O�D�U�L�V�H�U�� �,�I �W�K�H �U�H�J�X�O�D�U�L�V�D�W�L�R�Q �V�W�U�H�Q�J�W�K �L�V �V�X�I�I�L�F�L�H�Q�W�O�\ �O�D�U�J�H�� �W�K�H�Q �Z�H �R�E�W�D�L�Q

dCov2(Ŷ ;(S1; : : : ; Sd)) = 0 ; ������������

�Z�K�L�F�K �F�D�Q �E�H �D�F�K�L�H�Y�H�G �E�\ �D�G�M�X�V�W�L�Q�JŶ �D�O�R�Q�H�� �Z�L�W�K�R�X�W �L�P�S�R�V�L�Q�J �D�Q�\ �L�Q�G�H�S�H�Q�G�H�Q�F�H �U�H�T�X�L�U�H�P�H�Q�W
�R�Q �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V �W�K�H�P�V�H�O�Y�H�V�� �%�\ �W�K�H �G�H�I�L�Q�L�Q�J �S�U�R�S�H�U�W�\ �R�I �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H��

dCov2(Ŷ ;(S1; : : : ; Sd)) = 0 () Ŷ ? (S1; : : : ; Sd): ������������

�7�K�L�V �L�Q �W�X�U�Q �L�P�S�O�L�H�V ������������ �+�H�Q�F�H�� �W�K�H �P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q �L�V �D�J�D�L�Q �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �D�Q�\ �V�X�E�V�H�W �R�I

����



�%�H�\�R�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q

�W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �L�Q�F�O�X�G�L�Q�J �H�D�F�K �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H �P�D�U�J�L�Q�D�O�O�\��
�:�H �L�O�O�X�V�W�U�D�W�H �W�K�L�V �P�R�U�H �F�O�H�D�U�O�\ �X�V�L�Q�J �W�K�H �G�D�W�D�V�H�W�T�;�R�8�i�`���B�M�B�M�;�I�U�R�P �W�K�H�_ �S�D�F�N�D�J�H

�*���a�/���i���b�2�i�b���'�X�W�D�Q�J �	 �&�K�D�U�S�H�Q�W�L�H�U�� ������������ �Z�K�L�F�K �F�R�P�S�U�L�V�H�V �������������� �W�K�L�U�G���S�D�U�W�\ �O�L�D�E�L�O�L�W�\
�S�R�O�L�F�L�H�V �I�R�U �D �S�U�L�Y�D�W�H �P�R�W�R�U �L�Q�V�X�U�D�Q�F�H �S�U�R�G�X�F�W �L�Q �)�U�D�Q�F�H�� �'�H�W�D�L�O�V �R�I �W�K�H �G�D�W�D�V�H�W �D�U�H �S�U�R�Y�L�G�H�G
�L�Q �$�S�S�H�Q�G�L�[ �*������ �:�H �F�R�Q�V�L�G�H�U �W�Z�R �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �Q�D�P�H�O�\�_�2�;�B�Q�M�� �Z�K�L�F�K �U�H�I�O�H�F�W�V �W�K�H
�U�H�V�L�G�H�Q�W�L�D�O �U�H�J�L�R�Q �R�I �W�K�H �S�R�O�L�F�\�K�R�O�G�H�U �D�Q�G �P�D�\ �S�U�R�[�\ �I�R�U �H�W�K�Q�L�F�L�W�\ �R�U �U�D�F�H�� �D�Q�G�6�2�K���H�2�� �Z�K�L�F�K
�H�T�X�D�O�V �� �L�I �W�K�H �S�R�O�L�F�\�K�R�O�G�H�U �L�V �I�H�P�D�O�H �D�Q�G �� �L�I �P�D�O�H�� �+�H�U�H�� �Z�H �I�L�W �W�K�U�H�H �3�R�L�V�V�R�Q �U�H�J�U�H�V�V�L�R�Q
�P�R�G�H�O�V�� �R�Q�H �Z�L�W�K�R�X�W �U�H�J�X�O�D�U�L�V�D�W�L�R�Q�� �R�Q�H �Z�L�W�K �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H��

JdCov2(Ŷ ;�_�2�;�B�Q�M; �6�2�K���H�2);

�D�Q�G �R�Q�H �Z�L�W�K
CCdCov(Ŷ ;(�_�2�;�B�Q�M; �6�2�K���H�2))

�D�V �W�K�H �U�H�J�X�O�D�U�L�V�H�U�� �Z�K�H�U�H �W�K�H �P�R�G�H�O �S�U�H�G�L�F�W�L�R�QŶ �L�V �W�K�H �S�U�H�G�L�F�W�H�G �F�O�D�L�P�V �I�U�H�T�X�H�Q�F�\�� �)�L�J�X�U�H ������
�G�L�V�S�O�D�\�V �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �R�I �W�K�H �S�U�H�G�L�F�W�H�G �F�O�D�L�P �I�U�H�T�X�H�Q�F�\ �D�F�U�R�V�V �G�L�I�I�H�U�H�Q�W �J�H�Q�G�H�U���U�H�J�L�R�Q �J�U�R�X�S�V��
�X�V�L�Q�J �N�H�U�Q�H�O �G�H�Q�V�L�W�\ �H�V�W�L�P�D�W�H�V �L�Q �W�K�H �W�R�S �U�R�Z �D�Q�G �H�P�S�L�U�L�F�D�O �F�X�P�X�O�D�W�L�Y�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q�V �L�Q
�W�K�H �E�R�W�W�R�P �U�R�Z�� �$�V �Z�H �F�D�Q �V�H�H�� �Z�K�H�Q �W�K�H�U�H �L�V �Q�R �U�H�J�X�O�D�U�L�V�D�W�L�R�Q ���O�H�I�W �F�R�O�X�P�Q���� �W�K�H �S�U�H�G�L�F�W�H�G
�F�O�D�L�P �I�U�H�T�X�H�Q�F�L�H�V �D�F�U�R�V�V �J�H�Q�G�H�U���U�H�J�L�R�Q �J�U�R�X�S�V �D�U�H �P�R�U�H �G�L�V�S�H�U�V�H�G�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �G�L�V�W�U�L�E�X��
�W�L�R�Q �R�I �P�R�G�H�O �S�U�H�G�L�F�W�L�R�Q�V �L�V �Q�R�W �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V�� �+�R�Z�H�Y�H�U�� �Z�K�H�Q �Z�H �I�L�W �W�K�H
�P�R�G�H�O �Z�L�W�K �U�H�J�X�O�D�U�L�V�D�W�L�R�Q�� �W�K�H �S�U�H�G�L�F�W�L�R�Q �G�L�V�W�U�L�E�X�W�L�R�Q�V �E�H�F�R�P�H �P�X�F�K �F�O�R�V�H�U �R�Q�H �W�R �D�Q�R�W�K�H�U�� �7�K�L�V
�L�V �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �U�R�O�H �R�I �W�K�H �U�H�J�X�O�D�U�L�V�H�U�V�� �)�R�UCCdCov�� �V�P�D�O�O�H�U �Y�D�O�X�H�V �F�R�U�U�H�V�S�R�Q�G �W�R �Z�H�D�N�H�U
�G�H�S�H�Q�G�H�Q�F�H �E�H�W�Z�H�H�QŶ �D�Q�G �W�K�H �F�R�Q�F�D�W�H�Q�D�W�H�G �S�U�R�W�H�F�W�H�G���I�H�D�W�X�U�H �Y�H�F�W�R�U(�_�2�;�B�Q�M; �6�2�K���H�2)�� �D�Q�G
�W�K�H �O�L�P�L�W�L�Q�J �F�D�V�HCCdCov(Ŷ ;(�_�2�;�B�Q�M; �6�2�K���H�2)) = 0 �L�P�S�O�L�H�V �L�Q�G�H�S�H�Q�G�H�Q�F�H�� �)�R�UJdCov�� �V�P�D�O�O�H�U
�Y�D�O�X�H�V �L�Q�G�L�F�D�W�H �Z�H�D�N�H�U �R�Y�H�U�D�O�O �P�X�W�X�D�O �G�H�S�H�Q�G�H�Q�F�H �D�P�R�Q�JŶ �� �_�2�;�B�Q�M�� �D�Q�G�6�2�K���H�2�� �D�O�W�K�R�X�J�K
�W�K�H �F�R�Q�G�L�W�L�R�QJdCov2(Ŷ ;�_�2�;�B�Q�M; �6�2�K���H�2) = 0 �L�V �V�W�U�R�Q�J�H�U�� �V�L�Q�F�H �L�W �D�O�V�R �G�H�S�H�Q�G�V �R�Q �W�K�H �G�H��
�S�H�Q�G�H�Q�F�H �V�W�U�X�F�W�X�U�H �E�H�W�Z�H�H�Q �W�K�H �S�U�R�W�H�F�W�H�G �I�H�D�W�X�U�H�V �W�K�H�P�V�H�O�Y�H�V�� �7�K�H�R�U�H�W�L�F�D�O�O�\�� �Z�L�W�K �V�X�I�I�L�F�L�H�Q�W�O�\
�V�W�U�R�Q�J �U�H�J�X�O�D�U�L�V�D�W�L�R�Q�� �W�K�H�V�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �Z�R�X�O�G �R�Y�H�U�O�D�S �D�V �W�K�H �M�R�L�Q�W �G�L�V�W�D�Q�F�H �F�R�Y�D�U�L�D�Q�F�H ���R�U �V�L�P��
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